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ERRATA 


Page 19. 

For ‘Example 5’, read throughout ‘Example 6’. 
Page 22. 

In last line, for first appearance of ‘ = ’, read ‘ + ’. 
Page 27. 

Line 2.—Before second expression, add ‘ ±’. 

Line 4.—For first ‘12’ read ‘120’. 

Lines 4 and 6.—For 0-00096 read 0-0096. 


Page 30. 

Line 12.—For ‘nominator’ read ‘numerator’. 


Line 17.—For third fraction read 


^ClV'i 


W'. -i- / 


V'j ± v’ 

Before final paragraph, add: ‘When v is negative (V = V x — v), 
Ao^'x is not necessarily equal to doV'j, but must satisfy the equation 
V = Vi — and therefore the equations 

d c V' = ± dcrV'x + A c v' and V' + d c V' = V' x ± A^T.-v 

+ A c v’ .(A) 

A c i V 7 1 




• can be positive, negative, or zero, according to (A); 


its sign is to be preserved in the equation, giving 


JR” 

R' 


Page 31. 

Line 16.—After ‘is negligible’ read ‘As A C V' 
and JcV'j = - - = 0-008, we get from (A), 


0-4 x 8 
100 


= 0-032t> 


100 

Aciv'x = 0-032 - 0-008 


0-024 ; no other value would keep A C V' 


within the limit of 0-032r. We have therefore ■ 1 = ^ 


V' 

= 0-24%’. v 1 

The constructional error on the voltmeter is therefore 


10 


lYj 

7’i 

Delete lines 17-22. 


.±fo-24(5) + 0-4(H)1-±016% 

V' x W'iiW v' \T l ±vf L W '8-J 
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Page 31— continued. 

Line 26.—Delete 0-2% and substitute 0-16% 

„ 0-436% „ „ 0-396% 

Line 27.—Delete 0-436% „ „ 0-395% 

Page 36. 

Sub-heading (c).—For ‘R x R 4 ’ read ‘R x -rR 4 ’. 


Page 48. 

Line 4.—For ‘resistance’ read ‘resistances’. 

Line 5.—For ‘R x + R have’ read ‘(R x +R) has’. 


Page 49. 


Equation (24a).— 

Delete 


AR\ , +r' \ 

R'i Wj ± r*' 


and substitute — — l ( ---^ 

R'i V R\ ± r’> 

and add at end of equation ‘when r is negative, R 2 = R x - r, 
also is not necessarily equal to zJR' t , but must satisfy the 

equation R 2 = Ri - r and therefore also the equations zlR ' 2 — 
±AR\ + Ar’ and R ' 2 + zJR ' 2 = R' t ± AR' * - r’ + zlr' (B) 


A iRi 

Ri 


can be positive, negative, or zero, according to (B), its sign is to 

ARx 


be preserved in the equation, giving-. (See errata for p. 31.)’ 

R'z 


Page 56. 

Line 19.—For a 0 substitute a' 0 . 

Page 57. 

Line 4.—Insert ‘as’ in front of equation and ‘decreases’ after ‘z’. 

1 + k 

At end of line the last term in the numerator reads- 

k 

Page 75. 

Lines 16 and 17.—In the equations delete g and substitute 9. 
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Page 70. 

Line 19.—Add at end of line, 


and 



Ae' , A a' 

•' W\ a\ + a' B 


because 


e * V lt * V, 


Ae' zlV' 
- a -— 


e' y\ 

• Equation 35 (a). —Right-hand side of equation, numerators of second 
and fourth terms. For AV'v read Av'v and for V' D read v’v. 


Add after the equation (35a), 

AW' x _ Ae ' Av'v a 'a v' D A a' 

__ _ ___ + —— • ——— + — • 


Page 78. 

Line 20.— E e . ... E 

For — + —, substitute — = 
r Rj r 


R i 


Page 82. 

Fig . 42 (6).—For right-hand resistance RA read Rh v 


Page 84. 

Line 20.—Delete the word ‘between’. 


Page 86. 


Line 8.— 


Delete — + 


dW x 

Vi 


(■^A. _ \\ an d substitute —* ..» 

W n / v n w x 


10 '-Delete^ + 


dVi /Vi - V. \ 

V Vn ' 


and substitute 


Vi.jVi 

v„ v x ' 


Line 13 and Zaei Kne.— 

Delete 1 (^A- an d substitute 

e V x ' V' n / 

Ill Ma 

V'o‘ v\ ’ 

♦At bottom of page 86 add footnote: 


As e » Uj, 


de 

e 


will cancel in line 6. 

V x e V x V* 
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Page 87. 

Line 1.—After the equation delete ‘where’ and the whole of line 2, and 
substitute ‘when r s and v % are negative, R n = R x - r s , V n = V x - v B 
then A t V\ is not necessarily equal to AV x but must satisfy the 
equation V n — V x - v a and therefore also satisfy the equations 
AT* = ±AJf\ 4- Av a 

and V n + AV'n = V 1 ±A 1 Y\ - i/ B + Av' a (C). 


A,y f n 


can be positive, negative or zero, according to (C). 


Its sign is to be preserved in the equation for-- 

1’n 

(See errata to p. 31.)* 

Page 87. 

Line 13.— AjL , ... ,, dV 1 de 

At end of line add-- = —. 

Vl 6 

Line 14. — at beginning of equation. 

e 


Line 15.— 


V V 

At beginning of line, for (—- - 1^ substitute ——. 

Vn Vn 


Line 16. ^ enc [ Q f ]i ne f or Yl - YjL substitute -^A_. 

V n V n 


Page 88. 
Line 2- 


At beginning, delete — and in the last expression take away 


- V '-> and substitute Tl. 

V', V„ V', V'„ 

Line 3. g^gtitute, 4* for - between terms,. 

Page 89. 

Lines 16, 17, 18. Equations 39 and 39(a).— 

Ae f 

Delete-in each equation. 

e' 

Ay v ; - y 

Delete also in each equation the factors--- - -- and ir 

their place put —— A • ^-A. 

V'x V' n 



ERRATA 


5 


Page 95. 

End of line 5.—For ‘and* read ‘inside*. 
Page 98. 

Last line .—First term of equation 43(a), 

~ d*a . d 2 a 
for -read-. 

dt dt z 


Page 116. 

Line 15.—Expression on left of equation, delete J, leaving a 2 . 
Page 121. 

Equation (70).—For T substitute r. 

Page 123. 

Line 11.—For l t = o and co 0 at t’ read t = t and co 0 at t — o\ 

Page 128. 

Line 1.—Delete T and substitute t. 

Page 129. 

Line 9.—Delete J on left-hand side of equation, also for result 6-83 
read 8*34. 

Line 10.—Replace 6-83 by 8*34 and change 0-92 sec. to 0-755 sec. 
Page 139. 

Line 1.—Add dt to each of the terms to be integrated. Right-hand 
side of equation reads 



Page 141. 

Lines 5 and 6.—Break the line dividing each of the expressions under 

0 2 

the square root and add a - sign, giving - in each case. 

JLjJ 
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Page 143. 

Line 6.— « 

Second integral replace by l, thus giving ll di. 


Page 153. 

Line 16.—For ‘area’ read ‘cross-sectional area’. 

Page 158. 

Line 7.—For r = 17 X 10“ 4 read r = 0-17 X 10 -4 . 

Page 161. 

Line 20.—For ‘resistance’ read ‘resistances’. 

Page 163. 

Line 7.—_ dRj . 

For —- read —-. 

R R, 

Page 164. 

Fig. 84.—Mark cell as E and resistance as Rh. 

Page 168. 

Line 18.—For ‘open’ read ‘closed’. 

Page 171. 

Fig. 90.—Mark left-hand resistance R x and that on the right R a . 
Page 189. 

Lines 15 and 16.—For (119) read (120). 



ELECTRICAL MEASUREMENTS AND THE 
CALCULATION OF THE ERRORS INVOLVED 

Part I 
CHAPTER I 

ERRORS IN MEASUREMENTS 

(1) Introductory 

A measurement of any kind is of use only when the limits of the 
maximum possible error are known. 

The statement that the length of a certain bar is 3 ft. has no signifi¬ 
cance, and does not provide any information as to the usefulness of 
the bar, unless the length of the bar is precisely 3 ft. If, however, 
the length of the bar is stated to be 3 ft. i 0*5 in., or, in other words, 
that the length of the bar is definitely between 35*5 in. and 36*5 in., 
we know that to whatever use the bar may be put it certainly cannot 
be used as a footrule; if the length were given as 3 ft. dt u in. we 
should know that the bar can be used as a footrule. 

In the same way the statement that a condenser has a capacity of 
1 jllF is devoid of significance, but if the capacity were given as 1 
± 5%, that is, 1 juF ± 0 05 /uF, we would know that this condenser 
can be used in such electrical applications where a capacity of 0*95 fxF 
will do just as well as a capacity of 1*05/*F, but will not do as a 
laboratory standard. To use this condenser as a laboratory standard 
we would have to be sure that its capacity is definitely known to be 
1 fiF ± 0*1% or even 1 /xF ± 0 01% ; the importance of knowing 
the limits within which a certain value lies is, therefore, evident. 

The calculation of the error or limits is more a matter of common 
sense than of strict mathematical exactitude, simply because the 
elements on which the calculations are based are known only approxi¬ 
mately. What, however, we need to know is the maximum possible 
value of the error or limit, so as to be sure that the magnitude measured 
is without doubt contained within the specified limits. 

(2) The Maximum Possible Error 

If y is the exact value of the magnitude measured, an experiment 
might by chance give this exact value. Unfortunately, the experi¬ 
menter would never know it. If, then, the value given by the experi¬ 
ment be y\ the error will be y — y f = ± dy . 8y can be positive or 


9 



10 


ELECTRICAL MEASUREMENTS 


negative, because y ' can be smaller or greater than the real value y. 
If y' is smaller than y, y — y' = + dy and the error is positive ; if 
y' is greater than y, y — y' = — dy, then the error is negative. 

We never know the exact value of y or dy, but to make certain 
that the value of the magnitude measured lies within certain limits is 
to make sure that the error dy is definitely smaller than the maximum 
possible value of the error Ay, so that we can be sure that y’ — Ay 

<y <y' + Ay, 

Ay is the maximum possible error. 

(3) The Relative Error 

The maximum possible error Ay does not provide any information 
as to the quality of the measurement. What provides this information 

is the relative maximum error 

y 

Example 1. Two e.m.f.s, one of 500 volts, the other of 10 volts, 
were measured, and the error in each case was ± 1 volt. Which is 
the better measurement? 

Ay = dz 1 volt in each case, yet the 500-volt measurement is 
evidently far better in quality than the 10-volt measurement; the 
relative errors are respectively 

— = ± or ± 0-2% and ^ = ± i- or ± 10%. 
y 500 y 10 

The smaller Ay is, the better the measurement, and in order to 
diminish Ay the experimenter should : 

(a) Have a good knowledge of the methods of measurements used 

(b) Choose the most suitable method, or even improve the method 

(c) Be familiar with the equipment used, and choose the most 

suitable 

( d ) Work in the best possible conditions 

(e) Eliminate as far as possible all conditions tending to increase 

the error 

(/) Understand and know how the error is calculated. 

(4) Classification of Errors 

The errors occurring in electrical measurements may be broadly 
divided into two main classes. 

(a) The Systematic Errors. These are the errors inherent in the 
equipment and the method used. They are also dependent on some 
of the conditions under which the experiment is conducted ; conditions 
which are known, and the influence of which can be eliminated, 
minimised or calculated. 

(b) The Accidental Errors. These are due to conditions over which 
we have only partial control or no control at all, such as noise or 
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II 


smoke in the laboratory, vibration of the building, physical conditions 
of the experimenter (such as fatigue, faulty and incompetent manipu¬ 
lation due to lack of knowledge or practice, etc.). 


(5) The Systematic Errors 

These errors can be subdivided into: 

(a) The Constructional Error. This error arises because the 
equipment used can be guaranteed only within certain limits. For 
instance, a resistance may be guaranteed to ± 0*1% or ± 0-01%, so 
that when these guarantees apply to, say, resistances of 1000 12, their 

true values are between 1000 ± 0-1% ; that is, 1000 + X 1000 

100 

= 1001 £2 and 1000 - ^ X 1000 = 999 £2 or 1000 ± 0-01% ; 

that is, 1000 + — 1 X 1000 = 1000-1 £2 and 1000 - — X 1000 
100 100 
= 999-9 12. If these resistances are used in a d.c. measurement and 
at the temperatures for which the guarantee of ±0*1% or ± 0*01% 
holds, the constructional errors are as calculated. If, however, we use 
them for a.c., particularly at higher frequencies, their resistances will 
change, owing to skin effect, and the guarantee will not hold. The 
resistances will also have a certain amount of self-inductance and dis¬ 
tributed capacity, and the values of these have to be known in order 
to calculate their effect on the measurement. All information should 
be provided by the manufacturer of these resistances, whose indica¬ 
tions and figures have to be considered in the calculation of the error. 

With multi-dial resistance boxes, the limits of error may be different 
for different dials ; for instance, the constructional error for a five- 
dial resistance box is given by the manufacturers thus : 


First 

dial of 10 x 0-1 £2 

guaranteed to ±0*1% 

Second 

„ „ 10 x 1 £2 

>> 

„ ± 0-1% 

Third 

„ „ 10 x 10 £2 

>> 

„ ± 0-02% 

Fourth 

„ „ 10 x 100 £2 

99 

„ ±0-01% 

Fifth 

„ „ 10 x 1000 £2 

„ ±0-01% 


When using this box, the error has to be calculated accordingly. 

Some resistances have their limits indicated in two forms, such as 
“ 1*5% or 0*01 12, whichever is the greater ” ; here only the greater 
value of the two has to be taken as the constructional error. 

Say we have such a guarantee, applicable to a resistance of 1 12, 
variable in steps of 0-01 12 ; if this resistance is partly in circuit, 

1 

say 0-5 £2, the error is ± 0-01 O, and not ± 0-5 X-= 4- 0.0075 £2 ; 

o oi 100 

the relative error is therefore 4- - = 4- 0.02 or 4- 2% ; if this 

0-5 
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resistance is totally in the circuit, then the error is not ± 0*01 Q but 

±1 X —- = ± 0.015 and the relative error is ± ±0*015 

100 1 
or ± 1 *5%. Note that if 0.01 Q (that is, if one step only of this resist¬ 
ance were used) the error would be ± 0 01 D or 100%. It stands to 
reason, therefore, that this resistance can be used only when an 
appreciable part of it is in circuit. 

The effects of frequency, self-inductance, and distributed capacity 
should also be given by the manufacturer, either by a formula, graph 
or phase angle, from which the constructional error can be calculated. 

Inductances, mutual inductances, and capacities, have their con¬ 
structional error indicated in a similar way, and the same applies to 
tuning-forks, wavemeters, generators, instruments, etc. 

With indicating instruments such as voltmeters, ammeters, etc., the 
constructional error is generally not uniform over all the scale, but 
is usually greatest in the first quarter or the first third of it. The 
manufacturer may therefore indicate the error as, say, ± 1% in the 
first third of the scale, and ± 0*5% in the rest, or in any other manner. 
For instance, a manufacturer indicates the constructional error in a 
voltmeter, of 150 scale divisions corresponding to 150 volts, as ± 0*4% 
of the maximum reading in the first third of the scale and ± 0-8% 
of the reading in the rest ; then at any reading in the first third of 

0-4 

the scale the error will be : 4-- X 150 = 4- 0-6 V., and the rela- 

100 

tive error can be enormous at small readings. After the first third of 

0*8 

the scale, say at 100 V., the error will be A c y = 4:- x 100 = 

± 0-8 V. 

In some cases, especially in guarantee certificates, the constructional 
error may be indicated by significant figures, a significant figure being 
a digit which is thought to be nearer to the true value than is any 
other digit. 

An inductance may be expressed as 1255oo mH or 1*255 X 10 5 mH, 
which means that the true value is between 125400 mH and 125600 mH. 

The limits expressed as a percentage are here 4- —— — X 100 = 

6 125500 

±0*0797 = ±0*08%. The first four digits, 1255, are the signifi¬ 
cant figures, and the inductance is given to four significant figures. 
Again, when a resistance is given as 12222 £2, or to five significant 
figures, it means that its value lies between 12221 Q and 12223 Q . 
Zeroes are significant figures only when other digits precede them in 
the number ; thus 0*0125 has three significant figures and not five. 
The more significant figures, the greater the accuracy of the measure¬ 
ment. 
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In whatever manner the constructional error is given, it is best con¬ 
verted into a percentage for the calculation of the maximum possible 
error. 

The constructional error can in some cases be eliminated or reduced. 

(6) The Reading Error. The accuracy with which a scale reading, 
such as that of an ammeter, voltmeter, etc., can be made depends 
on the distance between consecutive divisions, on the thickness of the 
pointer, and on whether the instrument is provided with a mirror. 
Only instruments with mirrors and knife-edge pointers ought to be 
used in a laboratory. 



The pointer reads more than 11*25 ; that is certain, but whether 
it is 11*27 or 11*3 or 11*37 is doubtful. The uncertainty in reading is 
about 0*1 or ± ^ of a division. Here the reading error is expressed 
as part of a division. The reading error of course depends on the 
instrument; in some cases it may be ^ ^ of a division, in others 
much more. 

The reading error is not confined to indicating instruments, but 
exists also wherever a scale has to be read against some indicator ; 
it will therefore exist in the reading of continuously variable mutual 
inductances, continuously variable condensers and resistances, wave- 
meters, frequency meters, etc. In the more expensive laboratory 
equipment the scale is provided with a vernier and magnifying glass 
in order to diminish the reading error. 

When reading a galvanometer deflection on a scale, the reading 
error depends on the thickness of the line image, which is generally 
i mm." The movement of this line image by £ mm. is all that can 
really be distinguished, so that the reading error is here fairly great. 
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But the greatest error occurs when reading the deflection of a ballistic 
galvanometer. Here there is not only the thickness of the line to take 
into account, but also the difficulty of locating the position of the 
line whilst the galvanometer attains its greatest deflection. The error 
will depend very much on the care of the experimenter. 

In instruments or any other apparatus provided with a uniform 
scale, that is, a scale having the same distance between consecutive 
divisions throughout, the relative error varies inversely with the 
indication of the instrument. 

Say that we can distinguish - of a division, and let each division 

a 

correspond to b units of the measured magnitude, then the relative 

error on the first division will be —, on the second division —and 

ab 2 ab 

on the x division-= —. 

xab xa 

Example 2. A variable condenser has a uniform scale 0 to 100. 
The thickness of the reading index is such that ±to a division can be 
distinguished. What is the percentage reading error at the fourth and 
last divisions? 


(a) 

(b) 


at the fourth division: 

Ail = jlI_ = . JL 

y 4 x 10 40 

at the last division: 


y 


= ± 


1 


100 x 10 


% — = ± ^ = ± 2-5%. 

y 40 


l 


1000 


;%^=± 


100 


1000 


± 0 - 1 %. 


Example 3. Voltages are measured by an instrument having a 
scale 0 to 100. In one measurement the instrument shows 5, in the 
other 90; what is the relative reading error in each case if i ^ of a 
division can be distinguished? 


(a) 

W 


A*y_ 

y 

Arjy 

y 


= ±~ 
= ± 


!_=±A. 

10 x 5 50 ’ 


100 All = -j. 


100 
5 x 10 


10 x 90 900 ’ 


ioo Ai =± m 

y 900 


= ± 2 %. 
± o-ii%. 


It follows that an instrument provided with a direct reading scale 
is unreliable at the beginning of the scale, greatly so, since the 
calibration error usually is much greater in this part of the scale. 

The answer to the question, from which part of the scale should 
the reading be taken, depends on the precision desired in the measure¬ 
ment. The error at the beginning of the scale is much greater in 
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instruments with a scale which follows more or less a square law, 

because if we can distinguish - of a division at division x of such an 

a 

4 x 

instrument, we can distinguish only - at division 

a 2 

There are, however, scales where the distance between consecutive 
divisions is greatest at the beginning or in the middle of the scale. 
The question then arises : in which part of the scale is the reading 
error smallest ? 

Let z be the variable distance in mm. between consecutive divisions 
on the scale, and let the distance which can be distinguished be c mm. ; 
c will be a constant for a given scale and pointer thickness ; the relative 

c 

reading error will be variable with z and equal to -; if one division 

z 

corresponds to b units of the magnitude measured, then at division x 
the magnitude measured is bx and the relative error is 

- • b -r bx = c • —. 
z zx 

This error will be the smaller as the greater is the product zx. For 
minimum error the instrument has therefore to be read at those points 
of the scale where zx is greatest. 

Example 4. In a certain instrument the distance between two 
consecutive divisions on the scale is : 


2 mm. 

at 20 divisions 

3 mm. at 

80 divisions 

3 mm. 

„ 40 „ 

2 mm. „ 

90 „ 

4 mm. 

„ 50 „ 

1*5 mm. ,, 

100 „ 

4 mm. 

„ vo „ 




Where should the scale be read in order that the reading error shall 
be minimum? 

From the products zx 

2 X 20 = 40 

3 X 40 = 120 

4 x 50 = 200 

4 X 70 = 280 

The minimum reading error is around division 70. 

If, when reading an instrument over all its scale, that part of the 
scale is reached where the reading error is too great for the accuracy 
desired, either the sensitivity of the instrument or the instrument 
itself should be changed, so as to pass again into that part of the 
scale where the reading error is within the limits allowed. 

ys^Example 5. A current is read on an ammeter of 100 scale divisions, 
where ^ of a division can be distinguished; the scale is uniform. 


3 x 80 = 240 
2 x 90 = 180 
1-5 x 100 = 150. 
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At what division should the ammeter (or its sensitivity) be changed if 
the maximum relative reading error is not to exceed i 0-5% ? 


100 =■!"_<>*; „ 

y (10 x 


100 

10x0*5 


= 20 divisions. 


(c) The Determination Error. This is the error due to any 
uncertainty in the final adjustment of the apparatus used for measure¬ 
ment. For instance, when measuring an inductance against a capacity 
on an a.c. bridge, it is found, in the final adjustment, that a variation 
of, say, i 0*0001 juF in the capacity does not produce any change 
of sound in the headphone used as a detector. Owing to this un¬ 
certainty there will be an error in the calculation of the measured 
inductance ; this is the determination error. 

(d) The Error Inherent in the Method Used. This error is 
due to certain approximations inherent in the method used. The 
error can usually either be minimised or calculated. 

(e) The Errors Due to Conditions in which Experiments are 
Conducted. 

(i) Temperature changes which will affect resistances, frequency in 
tuning forks and generators, e.m.f.s in standard cells, indication of 
instruments, etc. This error can be eliminated by proper correction 
factors and information supplied by manufacturers. 

(ii) Change of pressure affecting frequency standards such as tuning 
forks. Corrections can be applied according to manufacturer’s 
indication. 

(iii) Thermal e.m.f.s produced by a heated contact between two 
different metals. This can be avoided by a judicious disposition of the 
equipment, by keeping a uniform temperature in the space where the 
experiment is conducted and by avoiding overheating of components. 

(iv) Resistance of plugs, switches and connecting wires. This 
resistance can be eliminated in certain experiments, in others it can 
be minimised or calculated. 

(v) Capacity and inductance of plugs, contacts, wires, mutual 
inductance and inter-capacity between the different parts composing 
the experimental circuit. The effect of these can be minimised by a 
judicious disposition or eliminated by a suitable circuit. 

(vi) Ageing of equipment. The calibration error given by the 
manufacturer has to-be periodically checked, as it is in time found 
to vary. 

(vii) Effect of external fields. This effect can be eliminated by 
suitable screening, by reversal of current, or by a suitable method of 
measurement, dependent on the experiment conducted. 

(viii) False readings due to eddy currents in screens and additional 
capacities due to screens. These can be calculated if details of the 
equipment are known. 
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(ix) Residual tension in the suspension of instruments, and 
mechanical defects causing friction between mobile and immobile 
parts of instruments. These can be avoided by suitable maintenance 
and inspection. 

In cases of residual tension, the difficulty can be overcome by 
interpolation. 

(6) Accidental Errors 

Over these we have very little or no control at all. Some causes of 
accidental errors, such as bad insulation, variation of the e.m.f. of 
supply, bad contacts, accidental overheating of resistances and induct¬ 
ances, can be minimised, or even completely eliminated, by adequate 
inspection. Other sources of error, such as noise and smoke, by 
co-operation and order in the laboratory ; whilst many other causes 
of accidental errors, such as vibrations of the building, currents of 
air, operator’s fatigue and false technique, are more or less beyond our 
control. 



CHAPTER II 


CALCULATION OF ERRORS 

(1) Calculation of Accidental Errors 

As the accidental errors are governed by chance, they are subject 
to the laws of probability. 

Dealing for the moment with accidental errors alone, suppose a 
series of measurements be made, yielding the values : y v y 2i y 3 , 2/4 
. . . y n . The accidental error on y x is, say, A y l9 and this error can be 
positive or negative ; the accidental error on y 2 is A y 2 > and A y 2 
can be positive or negative, and equal to, or greater or smaller than, 
A y x ; the same applies to the errors A y 3 , A y 4 , A y n , on y 2 , y 3 . . . 

2/n- 

It is clear that when n tends towards infinity, the number of positive 
errors of any magnitude will be equal to the number of negative errors 
of any magnitude ; in other words, the average accidental error A a y 
tends towards zero when the number, ?t, of experiments made tends 
towards infinity. 

The true value of the magnitude measured is therefore 

vx±vi±vs ±„,-j/n. 

9 n 

When n is not infinity, we get a probable value of the magnitude 

measured y v = 2/2 —~ V ~ . . . ( 1 ) 

n 

In practice, the number of experiments, except in cases of very 
special importance, is very small. The best procedure is to make a 
small number of measurements, the number depending upon the time 
available, reject the results which are obviously wrong (the ones 
which are much smaller or much greater than the average), and 
calculate the most probable value according to formula ( 1 ). 

Example 6 . Several measurements of a capacity gave the following 
results: (1) M51 pF (2) 1152 /uF (3) 1151 /uF (4) M525 ju¥ 
(5) 1*152 yuF ( 6 ) 1*25 11 F (7) 1*01 /u¥ ( 8 ) 1*174 juF (9) 1*153 juF 
(10) 1*3 (jlF (11) 1*151 juF (12) 1*152 pF. 

The values of 6 , 7, 8 and 10 are obviously wrong ; the most probable 
value is 

1*151 + 1*152 + 1*151 + 1*1525 + 1*152 + 1*153 + 1*151 + M52 

y > -c 

= M51fywF . . . . . . (2) 

18 
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Another method, which, however, requires a certain amount of 
skill, is to attach an importance coefficient to each measurement. The 
importance coefficient can be 0, 1, 2 or 3. When a result is obviously 
wrong, it has the coefficient 0 ; an average good measurement has the 
coefficient 1 ; a very good measurement, such as is achieved in very 
favourable circumstances, has the coefficient 2 ; and an excellent 
measurement, in which the experimenter has particular confidence, 
has the coefficient 3. The probable value of the magnitude measured 
is the sum of all the products of the values found by their coefficients 
divided by the sum of all the coefficients. 

Example 7. Assuming that in the measurements of example^ we 
attach the coefficient 1 to results 1, 2, 3, 5 and 9, the coefficient 2 to 
results 11 and 12, and the coefficient 3 to result 4. The results 6, 7, 8 
and 10, being obviously wrong, get the coefficient 0. The most 
probable value is 


^ 1 x 1151 ± 1 x 1152 ± 1 x 1151 + 1 x 1 152 + 1 x 1 153 + 
yp i + i "+ i + i + i + 

2 XM51 + 2X1-152 + 3X1-1525 

2+2+3 


However, the result as given by (2) and (3) is still doubtful; what 
we require are the limits within which the magnitude tested certainly 
lies. The procedure is therefore to make several measurements, 
rejecting the obviously wrong results and accepting as limits the 
extreme good values. Thus the capacity will be taken as between 
C=M51 fiF and C=l-153 jaF. 

The systematic errors are next calculated and the result given as: 
Magnitude measured = y' ± Ay. If the systematic error in example^ 
I s zb 1%) the capacity will have a value between C=l-151;tl% and 
C=l«153 ± 1% or C=11518 ± 1-087% ; ± 0*087% is the accidental 
error; ^ 1’087% is the maximum error. 

The accidental error ought to be much smaller than in example - 6 , it 
should generally be negligible. In the examples given in this book the 
accidental error will be neglected. 


(2) Calculation of Systematic Errors 

The maximum possible error is most easily calculated by means of 
the logarithmic differential. 

The Logarithmic Differential. The logarithmic differential of a 

dy 

function y is the ratio of its differential dy over the function y, or —. 

Note that the logarithmic differential is the relative increment 
of the function y. 
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The Logarithmic Differential of a Sum. 

Let y = u + v + z 

dy _d(u + v + z) __du dv dz 

~y “ y ~~ V + ~y + T 9 

which can be written 


dy 

y 


udu v dv z dz 
y u y v *" y z 


du 

that is, the relative increment, equals the sum of the products 

formed by multiplying the relative increments of the terms of the 
function by the ratio of each term to the function. 


The Logarithmic Differential of a Product 
Let y = u.v.z 

dy _ d (u.v.z) 

_ __ ——— 


y 


z.v (du) uz (dv) ^ uv (dz) 


y 


y 


y 


uzv du uzv dv uzv dz _du dv dz 

y u y v y z u v z 

The relative increment of the function equals the sum of the 
relative increments of the terms. 

0 . u.v.z dy du dv , dz dw da 

Similarly, if y = -, then — =--- 

wq y u v z w q 

The Logarithmic Differential of a Sum of Products . 

Let y = u.v + wz 

dy __ d (u.v + wz) __ d (u.v) d (wz) u.dv v.du 


y 


y 


w.dz ,z dw 

1 7~ ~H~ 


u.v dv v.u du wz dz zw dw 

y v y u 1 / 7 + 

The Logarithmic Differential of a Power. 

Let y — u n 

dy __ d (u U ) __ n (it 1 )du _ n.u.u 

V ~~ y ~ y ~~ y 

The Logarithmic Differential of a Root, 
n 

Let y — Vu 


du 


n.du 

u 


\ 


dy 

y 


d(u ^ n ) 


Mu'* x ) 


du = 


Vn .u.u lln l du 


I du 
n u' 


\ 
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The practical calculation of the maximum possible error rests on the 
assumption that, as the errors are small, we can apply to them the same 
calculations as are applied to differentials. 

(3) The Logarithmic Differential and the Systematic Relative Error 

In electrical measurements it very seldom happens that a measured 
magnitude is determined directly. Generally it is determined by a 
relation to other magnitudes ; for instance, a voltage can be determined 
by measuring a current and a resistance, a capacity can be determined 
by measuring an inductance and a resistance, etc. 

The measured magnitude can therefore be expressed as 

y=f(u,v,z, . . .) .(4) 

The quantities u y v,z, . . . are measured, and y is calculated from (4). 
But when measuring u, v, z, . . . we commit errors, therefore the 
values we find are : u' f v\ z', . . .so that by using (4) we get 

y ' =f{n\ v\ z', . . .). 

The logarithmic differential of (4) is 

dy = d f (u, v, z, . . .) 

y y 

and as v! — u — i A u', v' — v = ± A v', z' — z — i A z' f and 
A u\ A v\ A z ', are very small, we can write : 

A£ __ Af (u' y v\ z/.. .) 

y* ~ y' . 1 ' 

Ay' 

—f- is the maximum relative error on y\ expressed by the same formula 

y 

as the logarithmic differential of (4). 

Example 8. In determining a voltage V across a resistance R in 
which a current I is flowing, I and R are measured. The voltage is 
given by 

V = IR.(6) 

The logarithmic differential of (6) is 

dV _ dJ dR 
V ” I + R* 

As we make errors when measuring I and R, we get the values I' 
and R\ We have, therefore, V' = r*R' (I' and R' are measured 
several times so as to be sure of all the digits in the numbers expressing 
their magnitude). 
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The systematic relative error on V' is 

AT = AT AIV 
T “ r R' ' 

A I' is the error on the measurement of I'. This error is the sum 
of the constructional error A c V on the ammeter and the reading 
error A r I'; A c I'+ A T I' = A I'. 

/I R' is the constructional error on the resistance R'. 


Let J c r=±l% A T Y = ± 1%, 4R'= ± 0 - 1 % ; 

/IV' 

then % ZlV' =^fl00 = ± (1 + 1 + 0 - 1 ) - ± 2 - 1 %. 

Care has to be taken, when changing from the logarithmic differential 
(formula (4) to formula (5)), to change all negative signs between terms 
to positive signs, because the sign of the error is unknown. 

Example 9. A current I is measured by means of a voltmeter 
connected across a resistance R ; V and R are measured or known. 


We have I — —. 

R 

The logarithmic differential is — = 


dV 

V 


R * 


Changing the logarithmic differential into the error formula, we 


must write : 


AT 

r 


AT_ /JR/ 
V' R' 


simply because the sign of the error A R' is not known. 

The change of the signs between terms has to be introduced only 
after all calculations and simplifications in formula (4) have been 
made ; the non-observance of this rule may lead to grave mistakes, 
as can be seen from the following example. 

Example 10. A magnitude y is calculated from the formula 


y ~ w * ~~ a ft er z and v have been measured. 


z — v 


We have — = — 4 . 

y w z + v 


d(z — v) 
z — V 


dw dz dv dz dv 
w z -f + ^ z — v~*~z — v~~ 

^ A. dz- ( g - p) - (g + v) , . . (z-y) + (z + V) 

w (z + v) (z — v) ' (z + v) (z — v) 


dv) 1 dz (— 2v) dv (2 z) __dw 2zdv 2vdz 

w ** z 2 — v 2 z 2 v 2 ~~ w z 2 — v 2 z 2 — v 2 
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dw 

w 


2 zv 

(z 2 - V 2 ) 


dv 

V 


2 zv dz 
(z 2 — v 2 ) z 


All simplifications having been made, we can write the error formula : 

Ay' _ Aw' 2 zV Av' 2z'v' Az' 

WY 2 ~ (v') 2 ] ' ~ + [(*')* - (v') 2 ] * IT * (8) 

Suppose now that by mistake the change of signs from minus to plus 
was done immediately after (7), we then have : 

Ay' _ Aw' Az' Av' Az' Av' 

y' “ w' + z' +V + z'~+ v' + z' — v' + z' — v' “ 

Aw' Az' • [(«' — v') + (z' + »')] Av' • [(z' - v') + (z' + v ')] _ 
w' ^ (z') 2 - (»')* i ’ (z') 2 - (*0 2 

Aw' 2z' zlz' Av'2z' 

w' \z') 2 —\v') 2 (z') 2 — (v') 2 

Aw' 2 z'z' Az’ 2 z’v' Av' 

+ W) 2 ^ (v') 2 ]ir + [(z ') 2 - (^') 2 j ~ * 

which is quite different from ( 8 ). 


The procedure in calculating the maximum possible error is there¬ 
fore as follows : 

( 1 ) Measure the values u,v, z, . . . of the relation y = / (u, v, z, . . .). 

( 2 ) Calculate the logarithmic differential — = ^ Z ’ * . 

y V 

(3) Simplify the logarithmic differential to a point where no ambi¬ 
guity can arise. 

(4) Write the relative error, changing all the minus signs between 
terms to positive signs 

Ay' Af(u',v',z',...) 

y’ y 9 
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MEASUREMENT OF D.C. RESISTANCE 

Measurement of Medium Resistances 

(1) Measurement o! Resistance by Voltmeter and Ammeter 

A current passing through an unknown resistance R is measured 
by an ammeter reading I, a voltmeter connected across the resistance 
R reads V volts, and from the formula 

V 

R = — we calculate R. 

I 

Two different connections are possible : fig. 2, (a) and (6). 



Let R a and R v be respectively the resistances of the ammeter and 
the voltmeter. Using diagram (a), we have 
The current in the resistance R is I — i, therefore 


(I — i) R = iRv = V j R — 


Ryi 


1-i I~i 


By assuming that R = -y, the error due to the method (see 5d, 

V V Vi 

p. 16) is-=-, but R (I — i) = V, therefore 

I — i I I (I — i) 

Vi = ViR = ViR V R 

I (I — i) IV ~ IRvi ~~ I ’ Rv’ 

24 
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The smaller R is, compared with R v , the smaller the error due to the 
method ; a voltmeter of very high resistance ought therefore to be 
used, or (which amounts to the same thing) the current I ought to 
be much greater than the voltmeter current i. 


V R 

The error — • — due to the method used can be calculated if we 

I R v 

R 

know Rv, or it can be neglected if-is small enough not to affect 

Rv 


appreciably the maximum relative error. 

The value of R is given by R = — (l + -^) because 

I V R/ IRv 

positive. 


VR . 

is 


Calculation of the Systematic Error. 

V / R\ 

From R — — (1 H- -j we get 

I ' Rv 


“( 1 + l 7 ) 


<m av di 

r “ v i + 




,+ fr 


dV dl 

~ V I + Rv + R 
Rv 


dV dl r RvdR — RdRv 


R a v 

Rv -f* R 
Rv 


dV dl Rv (Rv dR — R dRv) 
(Rv + R) R 2 V 


dV dl dR RdRv 

~V~~ T + rT+"r ~~ (Rv + R) Rv = 

dV dl R dR R dRv dR R i 

V I (Rv “h R) R (Rv -f R) Rv R (Rv -f R) 

dV dl R dRv 

V I (Rv + R) Rv 

dR 1 r dV _dl_ R dRv i 
R _ a*-V I (Rv + R) Rv 1‘ 


The maximum relative error is 


AR' = 1 r JV' AV_ R' JRV i 
R' aU' + I' + (R' V + R') R'yJ 
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A V' is the constructional plus reading error due to the voltmeter. 
AY is the constructional plus reading error due to the ammeter. 
zlR'v is the constructional error in the knowledge of R' v . 


(9) gives the exact calculation of the relative error 

R . 

— is very small, the relative error will be 

AB/ __ AV AIL 

R' “ V' + I' 


ZlR' 
R' ’ 


but when 


Example 11. A resistance R is to be measured, the connections 
being those of fig. 2 (a). The ammeter of 100 scale divisions, and 
uniform scale, shows 10 amps on division 100. The voltmeter of 150 
scale divisions, and uniform scale, shows 120 volts on division 120 . 
The resistance of the voltmeter is 100 ohms per volt. The scales of 
the ammeter and voltmeter are such that ± ft of a division can be 
distinguished. The constructional error of the ammeter is ± 0*5% 
after the first third of the scale ; the constructional error of the volt¬ 
meter is ± 0*4% after the first third of the scale. The resistance of 
the voltmeter is known to within ±01%. Calculate the value of R, 
and the systematic relative error. 

The voltmeter reading error is 


A t V' = ±- 


1 


-±±i^V'%=±^=± 0-083%. 


10x120 “1200' ‘ ~ 1200 

The total systematic error on the voltmeter is 

± (0-083 + 0-4) = ± 0-483% = A r V' + A c V. 
The ammeter reading error is 


% At I' = ;t; 


100 


= ± 0 - 1 %. 


io x ioo 

The total systematic error on the ammeter is 

% At V + % A C V = ± ( 0-1 + 0-5) = ± 0 - 6 %. 
The erroneous value of the measured resistance is 

R' = — = — = 12 

I' 10 

The total resistance of the voltmeter is 

150 x 100 — 15000 £2, so that 
R' 12 


R'v + R' 15000+ 12 


0*0008 (negligible). 
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The percentage error on the measured resistance is therefore 
10°^ =vU00(^ + -4L)= ± (<)-483 + 0-6) = ± 1-083%. 
The error due to the method is 


Y1 

I' 


— = 12 ^ 12 = 0/00096 Q. 

R'v 10x 16000 / 


The value of the tested resistance ought therefore to be given as 
It = 12 + 0/00096 D ± 1 083%. 

Consider diagram, fig. 2 (6). 

Here we have (Ra + R) I = V ; R = = X. _ R A . 

V 

By taking the value as R = —, the error due to the method is 



The error is negative, and equal to the ammeter resistance ; the 
method is therefore suitable when R A is much smaller than R. 
Calculation of the constructional and reading error : 

ab V _ V-R a I , 

As R =- R a = -, we have 

I I 

dR d (V-RaI) dl dV d(R A I) dl 

R _ V-RaI I ” V — R a I V - R a I I “ 

dV _ R A dI _ IdR A _ dl _ 

V-R a I V-R a I V-RaI I - 

V dV R a I dl _ IR a dR A dl 
V-RaI V V-R A I I V-RaI Ra l‘ 

The maximum relative error is 


JR' 

TV 



JV' R'aI' 



JI' 

X -jr + 


1'R'a w JR'a Jf 
V' - R'aI' R'a + i' ‘ 


If R a is small, so that R A I can be neglected compared with V, the 
error will be 

JR' _ AV_ _J F 
R' _ V' I' ’ 
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Accidental errors most likely to occur in this measurement (fig. 2 
(a) and (b)) are owing to 

(a) Overheating the resistance. Care has to be taken to keep the 
temperature constant and normal. 

(b) Variation of current between the reading of the ammeter and 
voltmeter. 

As is obvious, the voltmeter and ammeter method of measuring 
resistance is rather a poor one, the reason being that two instruments, 
both direct reading, have to be used, introducing two reading and two 
constructional errors. 

(2) The Voltmeter Comparison Method 

The resistance R to be measured is connected in series, with a 
standard resistance R s and rheostat Rh, to a source E (fig. 3). A 
voltmeter of resistance R v is first connected across R, when it reads V, 
and then connected across R s , when it reads V r 

We have V = RI across R 

Vj — RgX across Rg 



This calculation assumes that the voltmeter resistance R v is infinite, 
which is of course not true, unless an electrostatic voltmeter is used. 



Fig. 3 


In reality, when the voltmeter is connected across R, the total resist¬ 
ance between A and B in fig. 3 is 


R R v 
R -j- Rv 



and when the voltmeter is across R s , the resistance between A and B is 


Ra Ry - + R. 
R s + Rv 
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The current I has therefore changed ; however, as R v is much 
greater than R or R s , the error introduced by the difference in the 
total resistance of the circuit of fig. 3 is negligible. 

We have also to take into account the voltmeter current. When 
the instrument is across R, we have 

RI = R v i = — • lx = V ; (Ij = I + i). 

R + Rv 

When the instrument is across R g 


R S I = Rvii = — • I. == V, ; therefore 

R s + Rv 

V R Rv (R 8 + Rv) = R (R g + Rv) 

Vi “ R s Rv (R + Rv) ~~ R s (R + Rv) * 

r _ (R + Rv) x X. 

(R s -f Rv) V j 

As V and V x are measured on the same voltmeter, we can write 

V = V, ± v 


according to whether V is greater or smaller than V x ; therefore 


r = Rs (R + Rv) x Vi j= v 


( 10 ) 


(R a + Rv) 

Calculation of the Systematic Error. The logarithmic differential of 
(10) is 

d (Rg -f* Rv) 

Rg -J~ Rv 

dR g dRv dV | 


dR dRg . d (R Rv) 
R Rg R -f- Rv 


gV| , ^(Vx±«) 

Vi Vx ±V 


dRg ^ dR 
Rg R -f- Rv 


+ 


dRv 




R -j- Rv Rg -f" Rv Rs ~f~ Rv Vj 


dv 


dV t _ 

Vi±v^V 1 ±v 


dRg R dR Rv dRv R g dRg 

R g R -f- Rv R R + Rv Rv Rs -f* Rv Rg 

Rv dRv dV i Vj dV j v dv 

Rg + Rr Rv _ + (Vx ±») vT ± V, ±v~v 

dRg ^ R dR ^ Rv dRv Rs dRg 
Rg R -j- Rv R R +Rv Rv Rs "f Rv Rg 
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Rv 


d(Rv 


Rg 4 " Rv Rv 
dR B ^ R dR 
Rg R -f* Rv R 


V, ' V, ± V> V^tM) 


+ ■ 


Rv dRv 


Rv dRv 
R -j- Rv Rv 

dV 1 / 


Rg 


dRa 


+ «Li(_±JL)±. 

V. W. 4 -»/ 


Rg -f- Rv Rg 

v dv 


Rg -f- Rv Rv Vj ^ -j- v Vj i v v 


(10a) 


As R v is usually much greater than R or R s , (10a) can be written 


<m 

R 


__ rtJKg rtv 1 / 
“ Rs v x V 


dV x / Tv 


dv 


Vi ± v ' \ x Tv v 


)± 


(10b) 


If it were certain that , or that the voltmeter indication 

Vi v 

is absolutely proportional to its deflection, then (10b) would become 
dRig , (iV i / v v \ dR s 


dR ___ dR 8 dV x 

~R~~Ra 


rtV_i / + g 

V x W 1 = fci; 




Vi±v 


•)- 


Rg 


(10c) 


It is safest, however, to use (10b). 

The advantage of the method is obvious, but whilst the construc¬ 
tional error on the voltmeter is either reduced or entirely ehmmjl^d^ 
(according to (10b) or (10c) ) owing to V x appearing in the nomiiator 
and denominator of (10), the reading errors remain. Even if v = O, 
that is, Vi = V, we only know this within the limits of the reading 
error ; the maximum relative error is therefore either 


AR' AR's , A r V' , A r \\ 

-—--L—-or 

R' R'g V' V' x 

AR = AR's , A$\ / v' \ v' A 0 v f 
R' R'g V'i ^ V\ ±v' + V\±v v f V' x 



The accidental error most likely to occur in this method, apart from 
overheating the resistances, is the variation of the current I, owing 
to the falling of the e.m.f. of the source E. If this is suspected, the 
best procedure is to take one reading V E 1 across R, then the reading 
V 2 across R s , and then another reading v Ra across R. Assuming the 
voltage variation of E to be linear during the time of these measure¬ 
ments, we shall have for the values of V and R 


V = + Vug 


2 
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R = R ± V»a) 

8 2V X 

Example 12. Suppose, in fig. 3, R g = 1 Q ± 0*01%, V = 8 volts, 
\ t = 10 volts. The voltmeter resistance is 1000 Q per volt, and its 
scale of 120 divisions, corresponding to 12 volts, is uniform, the con¬ 
structional error on the voltmeter is ± 0*4% in the region where the 
readings are taken, and the reading error is ± or £ of a division. 
Calculate the value of R and its limits. 


g 

The erroneous value of R is R = 1 x — = 0*8 Q. 

10 

The total resistance of the voltmeter is 1000 X 12 = 12000 Q. 
The resistance of the part AB of the circuit of fig. 3 is 

0-8 x 12000 l = 1 . 79994g q 
0-8 + 12000 

when the voltmeter is across R, and 

1 x . .. 12000 + o-8 = 1-799925 Q 
1 + 12000 

when the voltmeter is across R s . The difference between the two 
resistances is therefore 0*002%, and the variation of the current I due to 
this change in resistance is negligible. 

The constructional error of the voltmeter is 


AcV 


! p(- 


j) + 


A c v' 


V' 1 ±v' / V\±v ' 


(5)^(5) 


- ± 0*2% ; (v = - 2) 


because even if there is a doubt as to whether the sign of dv is the 
same as that of dV, we may assume that the magnitude of dv equals 
that of dV if A 0 V = A c V v 

100 

The reading error on V is % A r V' = ±± 0-125%. 

10 x 80 

The reading error on V 1 is % A r V i = ± —— = ± 0-1%. 

10 x 100 

The maximum relative error on R is therefore 


% ^R' = ± (0-01 + 0-125 + 0-1 + 0-2) = ± 0-435%. 
The value of R is therefore given as R = 0-812 ± 0-436%. 
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(3) Jtke Wheatstone Bridge 

' By the Wheatstone bridge we mean an arrangement of four arms 
and two diagonals, as shown in fig. 4. 



AB, BC, CD, and DA are the bridge arms, BD is the galvanometer 
diagonal, and AC is the battery diagonal. G is the galvanometer, E the 
battery of suitable e.m.f.; the bridge arms are made up of resistances 
Rj, R x , R a , and R 4 . The resistances R x and R 4 are the ratio arms ; 


. Rj ,11 1 .. „ ., . .. 10 100 

the ratio — can be —,-; theoretically, the inverse ratios —,- 

R 4 1 10 100 1 1 


could be used, but, as will be seen later, the accuracy of the measure¬ 
ment would be insufficient. 


Ri 


The ratio ^being set, R 2 is varied until the galvanometer deflection 

k 4 


is zero. The bridge is then said to be balanced. 

Let the currents in the arms and diagonals of the bridge be as shown 
in fig. 4, at balance, the current in the galvanometer diagonal being 
zero, i x — i x , i 4 = i 2 , also the p.d. across arm BC equals the p.d. 
across arm CD, and the p.d. across arm AB equals the p.d. across 
arm AD. 

Rl ^1 — R 4 ^4 » Rx be = Ra ^2 

Rj % x = R 4 i A ; R x — R 2 » 4 ; we can write: 


R a Rg q i 4 — R 4 Rx i 4 \ Rj Rg — R 4 Rx ) Rx 
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At balance the conditions prevailing in the galvanometer diagonal 
are independent of the e.m.f current and resistance in the battery 
diagonal; also, the conditions in the battery diagonal are independent 
of the resistance, e.m.f., and current in the galvanometer diagonal. 

(a) Bridge Sensitivity 1 . 

As, when balanced R* R 2 
= R 4 R x , it is evident 
that R a and R 2 cannot be 
the two greatest or the 
two smallest resistances, but 
must be one of the greater 
and one of the smaller re¬ 
sistances, the same is true 
of R 4 and R x ; the only two 
possible arrangements of the 
bridge are therefore as in 
fig. 5(a) and (6). 

Suppose R x and R x be 

the two smallest, and R 2 and Fig. 5(a) 

R 4 the two greatest resist¬ 
ances. The question then 
arises : which of the two 
arrangements, (a) or (6), is 
the more sensitive ; that is, 
which of the two circuits 
will produce a greater cur¬ 
rent, di , in the galvanometer 
for a very small unbalance 
such that R x R 2 very nearly 
equals R x R 4 ? 

As, at balance, the con¬ 
ditions in one diagonal are 
independent of the resist¬ 
ance of the other diagonal, Fig. 5(6) 

we may assume that this 

will also be very nearly true for a very small unbalance such as will 
produce a current di in the galvanometer in fig. 5(a), and a 
current di x in fig. 5(6). The resistance, measured between B and 
D in (a), is therefore very nearly the same whether the resistance 
of the battery diagonal is R B or infinity ; the resistance measured 
between B and D is therefore (when the galvanometer is discon¬ 
nected) 

1 Further details will be found in Vaschy: Electricity et MagnUisme (Baudry 
et Cie, Paris), and Bedeau: Coura de Meaurea Electriquea (S.F.E., E.S.E., Paris, 
Vol. V). 

c 
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p_ (R t 4“ R 4 ) (Rx + R 2 ) _ (Ri 4~ R 4 ) (R* 4~ R») 

Ri + R 4 + Rx + R 2 R 

where K = R x + R 4 + R x + Rg- 
Suppose the p.d. between the points B and D in fig. 5(a) produced 
by the slight unbalance be V BD , and let the resistance of the galvano¬ 
meter diagonal be R g ; then, according to Thevenin’s theorem, the 

current di is di — ^ BP —. 

P + Rg 

As V B d == Ri X — R 4 X i 4 and (Rj 4- Rx) i\ == (R 4 4~ R 2 ) ^4 (if 
di is very small), we can write : (R x 4- R x ) h = (R 4 4- R 2 ) (I — h)> 
because I = i x + i 4 , therefore 

. T (R 4 4- R 2 ) • t ( R i 4“ R*) 

K K 

and 

di = — X [ (R4 R * (Rj 4~ Rx) R 4 i J[_ ^ (Ri Rg — Rx R 4 ) 

~ K ■* P + Rg -» K P + Rg 

the greater I, the greater di. 

The conditions in the battery diagonal are at a small unbalance, 
also very nearly independent of the resistance in the galvanometer 
diagonal; when calculating the resistance between points A and C 
(fig. 5(a)), with battery diagonal disconnected, we may assume R g to 
be infinity ; the resistance between A and C is 

p _ (Ri 4~ Rx) (R 4 + R 2 ) 

1_ K 

the currents are therefore 

j_ E _. di _ E (R t R a — R x R 4 ) 

~ Pi 4- Rb ’ “ K (P + R g ) (P 1 4 - Rb)’ 

Considering fig. 5(6), it is evident that the resistance measured 
between A and C with galvanometer disconnected is 

P — (Ri 4~ Rx) (R 4 4- R a ) 

1 K 

and the resistance between D and B battery diagonal disconnected is 

p — (Ri 4~ R 4 ) (Rg 4- Rx) 

K 

The currents are therefore 

j _ E • d' R (R 4 Rx — Ri Rg) 

1 = P + R u ’ K (P, + Rg) (P + Rb)‘ 
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If di is greater than di v then (a) is more sensitive than (6); di will 
be greater than di v if 

K (P + R g ) (P x + R b ) < K (P, + R g ) (P + R b ) 

or 

(P + Rg) (P x + R b ) <• (Pi + Rg) (P + Rb) 

P Pi 4~ P Pb “h Pi Rg + Rg Rb < Pi P 4~ Rb Pi 4~ P Pg 4* Rb Pg 
P Pb + Pi Pg < Pi Pb + Pg P 
P Pb 4“ Pi Pg — Pi Pb Pg P < O 
(P B - Pg) (P - Pi) < 0; as Rg is always greater than R B . 
P B — Rg is negative, therefore (P — P 4 ) is positive, if 
(R b — R g ) (P — Pj) < O ; (P — Pj) being positive. 

(Ri + P 4 ) (Pg 4- Rg) ^ (Pi 4- Rx) (P 4 4“ Ra) 

K K 

(P^ 4" P 4 ) (Px 4" P 2 ) > (Pi 4~ P x ) (P 4 4~ Pg)* 

This is evidently true if P x and R x are the two smallest resistances. 
Diagram (a) indicates, therefore, the more sensitive arrangement. 

It follows that the galvanometer ought to be connected to the points 
where the two greatest and the two smallest resistances meet. 


(b) Definition of Bridge Sensitivity. The bridge sensitivity is 
given by 



c£R a 

Pg 


or the increase of the galvanometer current divided by the ratio of 
the small change dR 2 (producing di) to R 2 . 


S 


— r 2 


di 

c£R 2 


As, at balance, we have P x R 2 == R x R 4 , a change in R 2 will 
unbalance the bridge so that 


i^i (Pa 4“ dR 2 ) ^ Px P 4 j Pi Pa 4* Pi ^2 ^ Px p4» 

In order to restore balance, we can change R x or R 4 . Then changing 
R x by dR x , we have 


Rj R 2 4- Rj dR 2 — (Px + <®x) P 4 == Px P 4 4~ P 4 dRx, 


but, as R 2 R 2 = R x R 4 , we have R 4 dR 2 = R 4 dR x . 

— = — and — 

R 4 R a P 4 dR a 


so that 
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R x __ (/R x , dR x __ dR 2 

R 2 ~dR 2 R^“ R;* 


In a similar way we can prove that 

dR x __ dJ & 2 __ dR x __ dR 4 
Rx R'2 Ri R4 

which means that the sensitivity of the bridge is unaltered whichever 
arm is varied for balance. 


(c) Effect of Ratio R x R 4 (Ratio Arms Value) on the Bridge 
Sensitivity. Suppose there is a small unbalance dR x in R x ; in order 
to restore balance we add dR 2 to R 2 , so that 

(Rx dRx) R 4 = Rj_ (R 2 -f- e£R 2 ) 
r* + <m x = Rj ; 


as R x = — R», we have dR x = — dR„. 

R 4 r 4 

R 

For a small unbalance dR x , the greater —) the smaller dR 2 needed 

r 4 

to restore balance, and as 

s = — r 2 

f/R, 

R £ 

the greater —the greater the sensitivity ; but the greater the value 

R 4 

R 

of —- 1 , the smaller the number of significant figures in the number 
R 4 

giving R x . For a given R 2 , therefore (this applies to all measurements), 
the greater the sensitivity , the smaller the accuracy. 

R 

(d) Interpolation. In order to determine R x from R x = — 3 R 2 , 

R 4 

it is better to find a value of R 2 by interpolation instead of by the zero 
reading of the galvanometer. The reasons for this are as follows : 

(i) It is difficult to see whether the galvanometer is exactly at zero. 

(ii) The galvanometer can have a permanent small deflection (that 
is, a zero error), after having been deflected for a considerable time. 

Let there be two values, R 21 and R 22 , of R 2 , such that R 21 produces 
a small deflection a x to the right and R 22 a small deflection a a to the 
left. We know then that R x is contained between 

^ R 21 and |i R 22 . 

xv 4 xv 4 
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Consider fig. 6. We will assume that R 2 i and R 22 are proportional to 
the deflections a x and a 2 (which is true enough if a x and a 2 are small). 



R 2 R21 — (R22 I^2i) ^ * ? writing 

a x + a 2 

R 22 — R 21 — q we have 


R 2 = R 2I + j,-i!- . 


The value of R, from (11) is used in the formula R x = ~ X R 2 , 

R4 

so that R x = — 1 (r 21 -(- 0 X ——-— Y 
R 4 V ~ + V-1 

(e) Practical Manipulation. The arrangement of the bridge is 
shown in fig. 7. 



Fig. 7 
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E is the battery ; Sh a variable resistance shunt ; k v k 2 , k 3 are 
switch-keys. 

If the resistance to be measured is unknown, we start off with E — 
lv. to 2v., and the galvanometer shunted by a suitably small resistance ; 

—-Ms at first made equal to 1, R 2 is then varied till a rough balance 

^4 

is obtained ; after that, the resistance of the shunt is increased or 


even k 3 opened (E can also be increased to about 4v.), - 1 is decreased, 

R4 
R * 

and R 2 increased as far as possible. The smaller —- and the greater 

R4 

R 2 , the greater the accuracy of the measurement. 

When interpolating, R al , ll 22 should be such that the deflections a ± 
and a 2 are not too small, say 10 to 15 mm., otherwise the reading 
error would be too great. 

Switch k 2 should always be closed first, because if the resistances 
R x , R 2 , R x , R 4 are inductive, the galvanometer may deflect violently 
even at balance, owing to the different rates of increase of the currents 
in the arms of the bridge. 

Care must be taken not to overheat the bridge arms ; the current 
should never exceed that indicated by the manufacturer, and even then 
switch k 2 should remain closed only for the time necessary for the 
measurement. 

It is not always possible to arrange the bridge arms for maximum 
sensitivity because of the overloading of the bridge arms. Suppose 
we have (fig. 8) R t = 10, R 4 = 1000, R 2 — 1500, and R x = 15, the 
battery voltage being 2 volts ; the arms of the bridge should carry 
only 0-005 amps maximum. 

In fig. 8, the current in the arms Ri and R x will equal (neglecting 
2 

the battery resistance) — -- - = 0-08 amps. As this cannot be per¬ 
mitted, the bridge should be arranged, as in fig. 9, where the current 




Fig. 8 


Fig. 9 
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in R 4 and R x will be 


; the arms of the bridge will now be 


1000 + 10 

safe, but the sensitivity will be diminished. 

(/) Calculation of the Systematic Error. 

We have 

Rx = §» (»„ + e x —^ x R t . 

R 4 «i + a/ R 4 

Let us first calculate the error on R 2 . 

dR, = dR tl I- do (J-) + e + = 

a ' V + a/ f«- -L «-'* 


(«i + a 2 ) 2 


dR , + dn X -^1— + o ^ a » ~ < dg i> Z -(jg«)gi = 

«i+a 2 (ax + a ,) 2 

dR 21 + dQ X -£ » — + e (foi) « 2 r . <«*!«) «* . 

a 4 + a 2 * (a 4 + a ,) 2 

As da x = da 2 = da, say, we can write : 

dR„ = rfR 2X + dQ x —^—I- e -- i- r . "J , 

«1 + a 2 (ax + a 2 ) 2 

The error is therefore 

jr' 21 + Aq’ + <?' ± u ^l±J^A = 

a'i + a' a (a'i + a'2) 2 

/la' 


/IR'jl j- xl£>' —--i—J—f- q ' — 

a x + a 2 a 1 + a 2 

If the resistances used are known to have the same error throughout, 
then 

—^ 21 = = in, say ; /1 R' 2 x = lt' 2l m ; zip' == g'm. 

R' 2 x Q' 

Therefore 


A a' 


zJR' 2 = (R'jxm) + (e'm) -— A-j- + q' — 

a 1 + a 2 a 1 + a' 2 


m 


(R'.X + q' x + Q' — 

' a 1 + a - / n 


Aa 


a'x + a' s 


as R 2 x ■ [“ ^ 


«i + a. 


= R*- 


JR ' 2 — mIt 2 Q ~ 


A a' 


a'x + a' s 
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and the relative error on R 2 is 

J'ct JR' 21 q' A a' 


JR '2 q 

- - = m + 


R'a a' i + a' 2 


R* ; 


The relative error on R x is then 


R' 


X 


2X 


R ' 2 a+ + a'j 


JR'x _JR' x , A) R' 4 JR' 21 


R'x 

JR'x 


R'x 

JR+ 


R' 




+ 


JR' 


R' 21 R' 2( a ' 1 a ’ 2 ) 
Ja' 


R', 


JRj 

R' 2 


R'x R'i R' 
JR'! JR' 4 JR' 8 
R' x ’ R'„ ’ R' 2 


i. + £ 


R' 


X 


R' 2 a' 1 + a ' i 


are the constructional errors ; 


R' 


X 


Ja' 


2 a l +«2 

JR' 


Jf . *1* 1 21 . i s no t equal to 
21 

JR'. 


JR', 


is the determination error. 
Aq' 

l VKJ --- 

Jo' 


, then the relative error on R 2 is 


+ 


Q 

«'x 


2 IV 2 R 2^1 ^ 2 R 2^1 


R'a R' 

and the relative error on R x is 
AiVj 
R'x 




Ja' 


Aq' 


a 1 


+ ±- 


A'a 


jdR/j JR' 4 JR' 21 

R' j R' 4 R' 2 2 1 + a' 2 ' R' 2 a' t + a' 2 


Example 13. In a measurement with a Wheatstone bridge the 
R 21 — 1499 Q gave a deflection a x = 10 mm. to 


x. Ki 10 

ratio — was 


R 4 1000 

the right, R 22 = 1500 Q gave a deflection a 2 = 11 mm. to the left. 
The constructional error on the bridge arms is Az | °f a 

millimeter can be distinguished on the galvanometer scale. Calculate 
the value of R x and the limits of the error, assuming the resistances 
boxes to have the same error throughout. 

The determination error is 

0-25 

q' A a' IX 100 2 


100 x 


± 

The value of R x is 

10 


R'21 a'x+a'g 
0-125 X 100 


1499 X 21 


1499 10 + 11 

± 0-00822%. 


R'x = — x 

1000 


(1499 + 1 


X 


10 + 


1°-A = 149 ?' - 4 - 76 -= 14-99476 Q. 
117 


100 
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The maximum possible percentage error on R x is 

AR\ = /^RV + 4*lj+1 x 4* ) 100 = + 

R' x ' R', R% R' a R'a a^+a'J 500 ^ 

— + — + 0-00822 = ± 0-6082%. 

500 500 

(g) The Error Due to the Resistance of the Connecting 
Wires, Contacts, and Plugs. Let the resistance of the plugs, con¬ 
tacts, and connecting wires in the arms R x R x R 2 and R 4 be r v r x , r 2 
and r 4 respectively ; at balance we have 


(Rx + rx) = R * + >\ x (R 2 + r#) = R » R * - +% r -*± 


R 4 + r 4 


R 4 + r 4 


Ri 


We accept that R x = — X R 2 , but the result will nevertheless be 
R 4 

correct if 

« "t> Rj R 2 + R x r 2 + R 2 rj + r 1 r 2 R, ^ 

K x + r x — K x = ----— tv 2 , 

R 4 + r 4 r 4 

that is 


r x = 


Ri R 2 + Ri r 2 + R 2 r x + r x r 2 


R 4 + r A 


R 4 o 

r 4 x *’ 


Ri R 2 


As " V1 very nearly equals — 1 — 2 and 


R 1 R 2 


r i r 9 


R 4 + r 4 
we can write 


R. 


R 4 + r 4 


is very small, 


Tx 


Rx R 2 

— — 1 X r 2 H-* r 1 

R 4 + r 4 R 4 + ^*4 



+ 



( 12 ) 


When condition (12) is realised (provided r 4 is small enough), the 
error due to the plug, contacts, and connecting wires resistance is zero. 
It would, however, be tedious, if not impossible, to comply with 
condition (12) in order to have reasonable accuracy when measuring 
small resistances ; the Wheatstone bridge is therefore not used for 
measuring resistances below 1 or 2 ohms, and even then, the error 
introduced by the plug, contacts, and wire resistance may be con¬ 
siderable. 
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Measueement of Small Resistances 

(4) The Kelvin Bridge 

The arrangement is as shown in fig. 10. 



R x is the resistance to be measured ; R s a standard resistance ; 
Ri, R 2 > an( i 1^4 standard resistances constituting the bridge proper ; 
G is a galvanometer. 

The battery E supplies a current I 2 measured by an ammeter, in 
series with a regulating rheostat Rh. The currents are as shown in 
fig. 10, and I is very much greater than i x or i 2 . 

R x and R s are four terminal resistances ; the contacts a,a, 6,6 
are taken from those points on R x and R s where the equipotential 
surfaces of the electric field are entirely uniform (fig. 11). 



If R x is not a four-terminal resistance, contact is made by winding 
a clean, thin, bare copper wire at from 1 to 2 cm. from the ends of R x 
and then soldering the wire ; the resistance measured will, of course, 
be that between the two soldered contacts. 

The currents taken from the contacts a,a, 6,6 ought to be very small 
compared to the current I, otherwise the equipotential surfaces at 
a,a, 6,6 will be disturbed. 
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The bridge does not eliminate the contact and connecting-wire 
resistances from the measurement; it only greatly minimises their 
effect by putting them in series with much greater resistances R r 
R 2 , R 3 and R 4 . 

The bridge is balanced when no current flows in the galvanometer ; 
then i x flows in R x as well as in R 2 , and i 2 in R 4 and in R 3 ; we also 
have 


Ri i\ — Rx I ~b R 4 ^2 (13) 

R2 7 '1 = Rs I + R3 ^2 • * * * • (l 4 ^) 

Now consider loop R 4 R 3 2 , 2 is the resistance of the link between 
R 2 and R 4 , so we have 


(R 4 ~b R3) ^2 ~ (I ^2) z 
(R 4 + R3 + z ) H — (I^)> 

therefore 


v 2 - JL -. 

R 4 + 113 + Z 

(13) and (14) can therefore be written 


(15) R x i 


h = (Rx + —) 1 

^ r 4 + R 3 + z 


(16) R 2 i l — ^R s 


+ r 3 + * 

R~ 2 


I'= b «+ 


R 4 + R 3 -f- z 

R 4 z 


) I; dividing (15) by (16) 


Therefore 


R 2 Hx ~b 


H 4 + H 3 + z 

R 2 H 4 z 


-r R s + 


R 32 


R 4 + H3 


Rx = ^ + - x 


H 4 + R 3 + z 

R/ j R/ 3 z 

H 4 ~b H 3 + z 

R x R 3 — R 2 R 4 


Ri Rs + 


R 2 R a R 4 ~b R 3 ~b z 
We make R x R 3 — R 2 R 4 , then 

_ R x R s 

JtVv - -. 

r 2 

There is, of course, an error on R x R 3 — R 2 R 4 , but if the resistance 
2 is very small this error will be negligible. 


Calculation of the Systematic Error. Writing R x R 3 — R a R 4 = c 
(c will be the error on R x R 3 — R 2 R 4 ) and R 4 + R 3 + 2 = g, we have 



44 


ELECTRICAL MEASUREMENTS 


_ Ri Rs _j_ zc _ (Ri Rs 9) ~f~ (z c ) 

R 2 R 2 9 R »2 9 

c£Rx_ d (R^ Rg g z c) d (R 2 g) _ 

R x R x R s 9 + zc R 2 9 
R x R s dg + gd (R 1 R s ) + zdc + cdz R 2 cZgr + <7 dR 2 __ 

Ri Rs 9 zc R 2 g 

Rj Rgrf^ -f- gR x c?Rg -j- gR s dRj -\~ zdc -|- cdz R 2 dg “I - gdR 2 

Ri Rs g + zc R 2 g 

R’i Rs 9 ^9 _j_ { 7 R 1 Rs f/Rg ^ srR s Ri rfR^ ^ 

(gR 1 R s + zc) g (grR x R s + zc) R s (grRj. R s + zc) R t 

zc dc ^ cz dz R 2 g dg </R 2 dR 2 

(^RxRg + zc) c (gR x R s + zc) z R 2 g g R 2 g R 2 

Ri Rg g dg ^ gR 1 R s cZR s ^ {/Rs Ri dR± 

(#Ri R s + zc) g (gR l R s + zc) R s (^Rj R s + zc) R x 

zc dc cz dz dg dR 2 

(gR 1 R s + zc) c (gR x R§ + zc) z g R 2 


As zc is much smaller than gR x R s , we have gR x R s + zc ~ gR x R s , so 
that 

dRx dg ^dR a ^dR x ^ zc dc ^ zc dz dg dR 2 

Rx g Rs Ri gRi Rg c < 7 Rj Rs z g R 2 


dR s ^ dRj j zc dc 
Rg Ri (/Rj Rg c gR x Rg z R> 


zc dz dR 2 . - 

--— ; the error is therefore 


AR'x _ ZlR's , AR\ , ^1R' 


R'x 

or very nearly 
AR'x _ AR'i 
R'x 


R' g + R'x 


+ 


+ 


dc' ^ z'c' 


dz' 


R' 


+ 


R' 2 g'R'xR'g c' g' R'jR'g 2 ' 
AR\ ( AR' 2 


R'i 


R 


—, as zc is very small. 


In the older Kelvin bridges, R v R 2 , R 3 , and R 4 were fixed, and R s 
was a calibrated bar with a sliding contact ; nowadays R 2 is made 
equal to R 3 , both being fixed, whilst R x and R 4 are variable. 

When interpolating, the determination error is calculated in the 
same way as in the Wheatstone bridge ; let, say, R n be the value of 
Rj, giving a small deflection a x to the right, and R 12 the value of R x , 
giving a small deflection a 2 to the left ; we have then 
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&i = Rn + e ’ Rx = F ( R “ + e —t—)> 

a 2 + a 2 x n. 4- rr./ 


Rb 

R. 


+ a 2 


where p = R 12 — Ru ; the relative maximum error on R x is then 


AR'x _ ^R'g zJR' 2 zJR r j ^ 

’rV “ R's + + R'i + R'i (a'i+~7 2 ) 


The greater the value of I, the greater the precision to be expected, 
but a very large current can give rise to thermo-electric effects. It is 
therefore advisable to make a second measurement with I reversed, 
and to take the mean of the two readings. 


(5) The Differential Bridge (Mathieson’s Method) 

The arrangement is as shown in fig 12. 



The resistance AB is of known value and constant ; it includes 
variable resistance boxes and a slide wire for fine adjustment. What¬ 
ever changes are made in AB, its resistance has to be kept constant ; 
so that, when increasing the resistance between AK by, say, Z, the 
resistance between K and B is diminished by the same amount. 

R x and R s are the unknown resistance and the standard resistance. 
A source E, in series, with the rheostat Rh, supplies a current I x indicated 
by an ammeter. R x and R s are four terminal resistances (see Kelvin 
bridge); the galvanometer G has one terminal connected to the slide 
K ; the other terminal can be connected to 1, 2, on R x and 3, 4 on R s . 
Suppose the resistance of the connecting wires be a, 6, c. When the 
galvanometer is connected to 1, the position of K is varied till the 
galvanometer shows no deflection ; then let the resistance between 
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C and K be R x , and we have 
an arrangement which is a 
Wheatstone bridge, as can be 
seen from fig. 13. 

In arm CK we have the 
resistance R x ; in arm KD the 
remaining resistance of AB ; 
in arm Cl, the resistance a ; 
we can then write : 

R X I = ai x . . (17) 


The galvanometer is then connected to 2 of R x and the position of 
K and resistance of CK varied till new balance is obtained ; then, 
supposing the resistance between C and K to be R 2 , the bridge arrange¬ 
ment is as shown in fig. 14. 



The galvanometer is then connected to 3 on R s ; the bridge 
becomes as shown in fig. 15, and at balance 



Fig. 15 
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Finally, the galvanometer is connected to 4 on R s , and the resistance 
between C and K is varied till new balance is obtained ; we then have 
a Wheatstone bridge, as shown in fig. 16 ; and we can write : 



R 4 1 = (& 4“ Rx H" b + R s ) i x . 

■ (20) 

Taking (17) of (18) and (19) of (20), we get 


Rx i\ = (R 2 Ri) I .... 

. (20a) 

Rs i\ — (R 4 R 3 ) i. 

. (20b) 

Dividing (20a) by (20b) 



Rx 

R s 


R* 


Ri 


Rd — Ra 


therefore R x = 


Rs (R2 — Ri) 

R a — R, 


Calculation of the Systematic Error . As we can write R 2 = R x + r x , 
R 4 = R 3 -f- r 2 , we have 


tj td r i dR a dr x dr 2 dR s dr x dr 2 

lvx — -Its- j --- —-1-— ---1-— -, 

r 2 R x Rs r 2 R s R 2 R 4 R 4 R 3 

passing to errors 

AW X _ ^R ; s Ar 9 i Ar f 2 

R'x R's r' 1 r* 2 

The method is a good one, because the contact and connecting-wire 
resistance are entirely accounted for, and there is no current taken, 
at balance, from contacts 1, 2, 3, 4 ; there is, therefore, no disturb¬ 
ance in the equipotential surfaces of R x and R s . The error will, 
however, be great if r x and r 2 are small. 


(6) Opposition Method 

The Mathieson method suggests a more convenient opposition 
method, as shown in fig. 17. E is a source of suitable e.m.f., supplying 
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a heavy current I, indicated by an ammeter in series with a regu¬ 
lating rheostat Rh ; R x is the resistance to be measured, and R s a 
suitable standard resistance. 



Fig. 17 

The source E x supplies a small current I x to the resistance li 1 and R. 
R x + R have to be kept constant, so that I should not vary. If R x 
is altered, say, increased, R has to be decreased by the same amount, 
and vice versa. 

The points a,a 1 are joined by a conductor, while points b,b l are 
joined through the galvanometer G in series with switch k v When 
k x is closed and R x varied till the galvanometer shows no deflection, 
we have 

Ri Ii = Rx I.(21) 

Next, a^b* are joined to c,d, through G and K v and R x varied 
until the galvanometer again shows no deflection. Suppose, then, the 
value of R x is changed to that of R 2 , we shall have 


R 2 Ii — Rs I ...... 

• (22) 

Dividing (21) by (22) we get 


R 1 R* . D T> ^1 

TT~ — -p~“ t n x — —- .... 

-tv 2 JVs -tv 2 

• (23) 

As we can write : R 2 = Ri ± r, where r is the change 
ance box from R x to R 2 ; we have, therefore, 

in the resist- 

Rx = —• R s . 

Ri ±r 

• (24) 

Calculation of the Systematic Error. The logarithmic differential of 
Rx is 
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x| 

dR s 

dR x 

d (Ri ± r) 

Rx 

Rg 

'-IT,- 

Ri ± r 

dRg 

dR x 

dR 1 

dr 


R, ± r 

Ri ±r 

dR s 

~Rs 

dR x 

R x 

dR, i 

R, 

Ri±f 

R t R x 


dR s dR x Rj \ r dr _ 

~R^ "i; V ” Rj ± ^ R x ± rT "" 

dR s c?R l / ± r \ r dr 

R s R t 'R x fr Rj^r r 

the relative error on R x is therefore 

JR'x _ JR' 8 zlR'x / + r' \ r' Zlr' 
R' x ~lv7 R 7 ! 'R' i ± W + R' x ± r' ~ 


4d 


(24a) 


The error diminishes with r, that is, with R s — R x , and is smallest 
when R g = R x . 

To the error given by (24a) we have to add the determination error 
due to interpolation. This error on R x and R 2 is calculated in the 
same way as in the Wheatstone bridge. 

Other errors most likely to occur are due to 

(а) Poor insulation, resulting in leakage between the two circuits 
Ri,R, and R x ,Rs ; the two circuits have to be well insulated. 

(б) Variation of the currents I and T v 

As the current I t is small, there is not much danger from variance 
of the e.m.f. of Ej ; the same cannot, however, be said of the source 
E, since the current I has to be large. When variation of E is feared, 
the best procedure is to make one measurement on R x with I, say, 
equal to I A , and R t equal to, say, R A , so that R X I A = R a Ii- Next, 
a measurement is made on R s , giving R S I — Rgli', finally a third 
measurement is made on R x , giving, say, R X T„ = RbIi- Assuming 
the current I to have varied uniformly during the time of making 
these measurements, we have 


Ia Ib 
2 


and R X — Rs X 


Ra ~h Rb 
2R 2 


The three measurements have to be made as speedily as possible. 


Measurement of High Resistances 

High resistances of the order of several Mi3 to several hundred- 
thousand M Si are rarely metallic. When non-metailic, they are generally 


D 
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dielectrics used as insulators. The measurement of metallic high 
resistances is made in the same way as the measurement of the 
resistance of dielectrics. 

The resistance of a dielectric depends on very many factors, such 
as temperature, humidity, condition of the surface of the dielectric, 
shape and thickness, the time of flow of current or time of electrification, 
magnitude of e.m.f. applied, etc. Some dielectrics can have their re¬ 
sistance changed by as much as 100% after a short electrification time. 

It follows that the measurement of high resistances, such as dielec¬ 
trics, cannot be exact, owing to the many factors involved ; it also 
follows that when giving the result of such a measurement, the con¬ 
ditions in which it was conducted have to be specified. 


(7) The Volume Resistance of a Dielectric 

By volume resistance we mean the resistance as given by the rela- 
E 

tion I = where E is the voltage applied, o = the resistivity, 
l = the length and s = the cross-section of the dielectric. 


SAMPLE OF DIELECTRIC 



If we were to measure the resistance of a sample of a dielectric in 
the manner shown in fig. 18, by putting the sample between two 
metal plates, a,a, and in series with a galvanometer, the instrument 
will be deflected by two currents: one limited by the volume resist¬ 
ance, and the other due to the leakage current; that is, the current 
passing from plate to plate by way of the dielectric surface. 

This leakage current is absolutely negligible when dealing with 
small or medium resistances because the leakage path is shunted by 
the much smaller volume resistance, but in a high resistance the 
leakage path resistance may be of the same order, or even smaller 
than, the volume resistance ; the leakage current has therefore to be 
eliminated from the measurement if any reasonable test is to be made. 



MEASUREMENT OF D.C. RESISTANCE 51 

This elimination is achieved by the aid of a metallic guard ring 
connected as shown in fig. 19. 



Fig. 19 


The galvanometer is now deflected only by the current passing 
through the volume of the sample, while the leakage current passes 
from source to one plate, thence to the guard square, and back to the 
source, avoiding the galvanometer. 

Because of the high resistance, even with E from 150 to 200 v., a 
direct reading instrument, such as a micro-ammeter, is unsuitable, 
and a galvanometer has to be used ; consequently a comparison method 
is indicated. 


(8) The Comparison Method of Measuring High Resistance 

The connections are as in fig. 19. 

The switch k x is necessary only when the resistance tested has an 
appreciable capacity, such as a length of cable has ; in this case k x 
has to be closed (galvanometer shorted), when k 2 is first closed, so 
as to protect the galvanometer from the charging current. 

When k 2 is closed and k x opened, the galvanometer will show a 
deflection, say, a. Suppose the current passing through the galva¬ 
nometer to be 



(25) 


R x is the volume resistance of the tested sample ; the resistance of 
the source E and of the galvanometer can be neglected in this test. 

The sample is then replaced by a known high resistance R s , and 
the measurement repeated ; it is generally necessary to change the 
e.m.f. of the source to, say, E 1# instead of E ; the galvanometer 
deflection will be a u and the current 


^ Bi 
1 R 


(26) 
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i exR 

Dividing (25) over (26) we get — ==-—, and assuming the 

h Ej x R x 

galvanometer deflections to be directly proportional to the currents, 
we can write : 

a E x R s ^ E x a x X R 8 
a x E x x R x Eja 

The standard resistance R s can be either in the form of a dielectric 
of known volume resistivity, in which case it has to be provided with 
a guard ring, or what is known as its resistance can include the volume 
resistance and the resistance of its leakage path in parallel. Care has 
to be taken to have the resistances clean, otherwise the leakage will 
be much greater than normal. 

In order to ensure a good contact between the metal plates and 
the sample, the surfaces of the sample in contact with the plates are 
covered with thin tinfoil. The tinfoil should adhere well to the sample, 
and to ensure this the tinfoil is made slightly humid by one or two 
drops of water or oil. Too much water or oil might give a false result, 
or even spoil the dielectric. 


MERCURY IN GROV 
USED AS GUARD 

tSJ 




MERCURY 


8 


SAMPLE 


\ S ' 

r i 
- 1 




Fig. 20 


The sample can be floated in mercury in the manner shown in fig. 20. 

The contact between sample and plates is here perfect; neverthe¬ 
less, this method is not recommended because the special machining 
of the sample is difficult, and there is great uncertainty as to the 
effective length and section of the sample for the calculation of the 
volume resistance. 

There is no point in calculating the error in this measurement, 
considering that the accuracy obtained can never be better than 
± 5% to ± 10%. 

Measurement of the Insulation Resistance of a Length of Cable by the 
Comparison Method. The insulation resistance of a cable is measured 
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between the copper core and the outside sheath ; the sheath can be 
conductive or not. If the sheath is conductive, the arrangement is 
as shown in fig. 21. E is the source, G the galvanometer. Instead 


INSULATION 



of a guard ring, a bare copper wire is wound on the cable insulation 
near the core ; the insulation is bared and cleaned for this purpose 
for about 6 in. to 9 in., and the leakage current from core to sheath 
now passes through the wire c to the source and not through the 
galvanometer. 

The cable is tested as in fig. 19, the galvanometer deflection being 
a ; then a known resistance R s is substituted for the cable ; the 
e.m.f. being now, say, E x , and the galvanometer deflection a x . The 
insulation resistance of the cable will be given by 


R x 


Ect! R s 

E x a 


(27) 


As a length of cable has an appreciable capacity, the switch k t is 
essential; the galvanometer must be shorted while the cable is being 
charged ; k 2 should be closed for a definite time, then opened, and 
the deflection a noted ; the time of electrification has to be stated 
in the result of the test, as R x depends on this time. 

When the cable sheath is not conductive, the arrangement for the 
measurement is as shown in fig. 22. 

The cable is immersed in slightly salted water for about twenty- 
four hours, the temperature of the bath being kept at about 70° F. ; 
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then the measurement is taken as in fig. 21. First, the current through 
the cable is measured by the deflection a, then the cable is replaced 
by a known resistance R s , the deflection being a x ; the insulation 
resistance of the cable is given by (27). 



Fig. 22 


It is preferable to connect the negative pole of E to the cable core, 
because if there is a defect in the insulation, the electrolysis will pro¬ 
duce a smaller value of R x and the measurement will be done under 
the worst possible conditions. 

The main advantage of the comparison method is that the voltage 
applied is constant throughout the test ; the result obtained gives a 
fair value of the resistance for the particular voltage applied. 


(9) The Loss-of-charge Method of Measuring High Resistance 


A condenser of capacity C charged to a potential V G is discharged 
through the resistance measured R x and the time of discharge is noted. 
The potential across the condenser, which has fallen during the dis¬ 
charge to a value Yj lower than V 0 , is then measured. 

R x is calculated from the relation between R x , V 0 , V lf and the 
time of discharge t. 

Consider fig. 23 ; let v be the instantaneous value of the potential 

across the condenser C during the 



discharge ; then the current in the 
v 

circuit will be i =-; during the 

Rx 

time dt the condenser will lose a 
v 

charge — dq = idt =- dt. 

Rx 

dq appears with a minus sign because 
when v decreases the loss of charge 


Fig. 23 increases. 
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As the charge on the condenser is q — Cv , and C is constant, 

dq = C • dv, so that —dt = — C dv ; dt == — — - ^ x db ; integrating 
Rx ^ 

between the time t = O (start of discharge) and t (finish of discharge), 
we have 

% (v at t = f) Vj 


= -cRxJ' 


dv 

V 

{v at t = 0) — V 0 


= - CR; 


:[(%•*>)] 


V t 

Vo 


(28) 


and reversing the limits of (28) we can write : 

-|Vo 


t = CR. 


log.v 


JVx 


= C R x .log.^L; Rx = — 

Vi Clog. Vo 

V, 


(a) Pkactical Manipitlation. The circuit is arranged as in fig. 24. 

4 ,5 



-A/WWWV 


Fig. 24 


B.G. is a ballistic galvanometer, V 0 the source of e.m.f., R x the 
resistance to be measured, and C a standard capacity ; k v Jc 2 , and 
k 3 are switches. 

First, make 1 and 2 (key 1), charging the condenser to V Q ; then 
break 1-2 and make 2-3, discharging the condenser through the 
ballistic galvanometer, which will be deflected by, say, a 0 ; the galva¬ 
nometer is then damped by making 4-5. The condenser is again charged 
to V 0 by making 1-2 ; then 1-2 is broken and 2-6 made immediately 
after ; the time t is counted from the moment of making 2-6 to the 
moment of breaking it ; after the time t , break 2-6 and make 2-3, 
discharging C through B.G. ; the deflection being now, say, a v 
Assuming the deflections a 0 and a x to be directly proportional to 
the p.d.s across the condenser, we can write: 
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Rx 


t 


Clog. 


«0 


(29) 


t is counted in seconds and C in farads ; if C is counted in fx F, R x 
will be given in MQ. 

The resistance R x found from (29) comprises, of course, the volume 
resistance plus the leakage resistance in parallel. 

There is no point whatever in calculating the error, because here 
the accuracy is even less than in the comparison method, mainly 
because the leakage current is not eliminated from the measurement, 
and the voltage applied to R x varies from V 0 to V v We can, how¬ 
ever, find the conditions which will give the minimum error. 

The logarithmic differential of (29) is 


(ZR X 

Rx 


dt 

t 


dG 

C 


: K) 


log. 


a 0 


dt dC d (log.a o—log. a i) 

t C a Q 

log.— 


dt 

t 


dC 

c 


dap 

v a Q 






log. 


a Q 


; as da 0 and da r are the reading errors on 


the galvanometer (usually ± to J mm. plus the indetermination, 
expressed in mm., of locating the exact position of the line image), 
and Aa 0 = Aa x , we can write : 


AW, 


At' 


R' 


Ar , Aa'o(~j- +~) 

, AC _ \a p a 1 / 

C' , a' o 


7 a o 


multiplying and dividing the numerator of the last term on the right- 
hand side by a 0 , we get 

Aa'p / a' 0 \ 

AR' X _ At' ^ AV_ a ’ p V h a'J 


R' 


t' 


C' 


7 « o 

log -- 7 - 
a i 


; and writing = Jc } we have 


^IR'x 


R'j 


At' AC , Aa'p (1 + k) 

—--1---r 


C' 


a' 0 log.k 


(30) 


At' 

t' 


is the relative error on the determination of the time t. If t 


is small the error will be great, and if t is great the error will be small; 
but then the variation of the p.d. from V 0 to V x will be great. 
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-is the relative error on the condenser, and this can be diminished 

C' 

by using a good standard. 

The last term on the right-hand side of (30) will be the smaller 

7 _/ (1 + &) 


— — z. Differc 
log.k 

equating to zero we have 


z. Differentiating z , we get • 


log.k — 


(1 +k) 


O; log.k = 


(30a) will be satisfied when k = —2 ^ 3-59. 

a 1 

But when — = 3*59, we also have — 


3*59 ; and as the resist¬ 


ance of a dielectric varies with the voltage applied, this variation is 
too great; a ratio — = 2 is preferable. 

Vl i- 1 I s -1 

(i b ) Errors Inherent in the ■ I 

Method, (i) As the insulation resist¬ 
ance of the condenser used in the R c 

measurement is not infinite, the con- - WWW - 

denser will discharge through the 
resistance R x and also through its 

own resistance R c ; the circuit will a a a a a a R aa 

therefore be as shown in fig. 25. vWVWV > 1 


The total resistance of the circuit is now R T 
proceeding, as in fig. 24, we will have 


Fig. 25 

Rc Rx 
Rc 4~ Rx 


so that 


To find R x , two measurements are made as in fig. 24, one with the 
condenser discharging through R x and the other with the condenser 
discharging through its own resistance alone during a time, say, t 2 ; 
the deflections of the B.G. being a 0 c and a iC . Then 


(32) 
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From (31) and (32) we get R x . 

Instead of a ballistic galvanometer, an electrostatic voltmeter, of 
negligible capacitance compared with that of C, can be used to 
measure the p.d. across C. 

Example 14. “A circuit consisting of a condenser, an electro¬ 
static voltmeter, and a high resistance in parallel, is connected to a 
230-volt d.c. supply. It is then disconnected and the reading on the 
voltmeter is found to fall from 200 volts to 100 volts in 203 seconds. 
The test is repeated without the high resistance, and the time for the 
same fall in voltage is now found to be 278 seconds. The capaci¬ 
tance of the condenser is 4 //F. Calculate the value of the high 
resistance and prove any formula employed, pointing out any assump¬ 
tions made. Describe the experimental arrangements that would be 
required to make a measurement in this manner ” (Univ. of London, 
B.Sc. Final Ext., Electr. and Meas. Instr. P. II. Q. 5, 1940). 



The experimental arrangement will be that shown in fig. 26. The 
assumptions made are that the capacitance of the electrostatic volt¬ 
meter is very small compared to 4 [iF, and, as will be seen later, that 
the resistance tested has no appreciable capacity. 

Let the resistance tested be R x , and the insulation resistance of the 
condenser R c ; then from the first test we have 
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(ii) The resistance tested can itself have an appreciable capacity, 
say, C x (for instance, a length of cable). In this case we have the 
condenser C in parallel with C x , the two being in parallel with R x 
and R c ; the circuit is therefore that of fig. 27. 

If the measurement is made 
as in b (i), then, when the con¬ 
denser C, fully charged to V 0) 
is connected to R x , there will be 
an immediate transfer of charge 
from C to C x , before C discharges 
appreciably through R x and R c ; 
the p.d. across C will therefore 
immediately fall to a lower 
value, say, V 0 i, as soon as it is 
connected to R x . What it 
amounts to is that we have a 
condenser C T = C + C x charged 
to V 01 and discharging through Fig. 27 

R c and R x in parallel. 

Assuming the charge has not altered immediately after C is con¬ 
nected to R x , we shall have 

CVo = (C + Cx) Vox = Cl Vox ; Vox = ——- X Vo. 

c + c x 

The condenser C discharges then through R x and R c for a time t 
until its p.d. falls to Y r 

We can therefore proceed in the following manner. Charge C to V 0 
and discharge through the galvanometer, the deflection being <x 0 ; 
charge C again to V 0 , and then connect C to R x for a very short time ; 
the p.d. will then drop to V 01 . Discharge C through the galvanometer, 
the deflection being a 0 i ; make sure that C x is discharged; charge C 
again to V 0 ; connect to R x , noting the time. After a time t , disconnect 
C from R x , and discharge through the galvanometer, the deflection 
this time being a v We shall have 



Rc+Rx (C + C x ) log. ( —^ 

' Ctj / 

R c is measured by discharging the condenser through its own resist¬ 
ance, as for C* no separate measurement is necessary because 


CVo = (C + Cx) Vox; Cx 


C (Vo - Vox) 
Vox 


, and (33) becomes 
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(c) Measurement of the Insulation Resistance of a Length 
of Cable by the Loss-of-charge Method. This method, particu¬ 
larly suitable to a length of cable, should be used whenever the resist¬ 
ance R x has an appreciable capacity. The cable, previously charged, 
is then discharged through its own insulation resistance in the manner 
already explained. . 

The capacity of the cable can conveniently and easily be determined 
as shown in fig. 28 (case of a cable with conducting sheath). 



E is a source of suitable e.m.f. ; C a standard condenser ; k v k 2 , 
and k 3 switches ; B.G. is the ballistic galvanometer. 

The manipulation is as follows. Make 1-2 charging C to E, open 
1-2 and make 3-4 discharging C through the B.G., noting deflection, 
say a ; make 2-5 charging cable to E, break 2-5, making immediately 
4-6 discharging the cable through the B.G., note the deflection a x ; 
assuming the deflections to be directly proportional to the charges on 
C and on the cable of capacity, say, C c . We shall have 

CE = s cp a ; C c E = Scpcti, where s cp is a constant; dividing 

; C c = C— ; is for damping the galvanometer. 

C c ctj a 

Knowing C, we connect as shown in fig. 29 (case of cable with con¬ 
ducting sheath), and manipulate as follows. 

Make 1-2 charging cable to V 0 . Then discharge through B.G., 
noting the deflection a 0 , by making 2-3. Again make 1-2 charging 
the cable, then break 1-2 noting time, letting the cable discharge 
through its own insulation resistance for the time L Aftei the time 
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interval t , make 2-3 discharging the cable and noting the deflection 
a v We have 


Rx 


t 


C 



If the cable sheath is not conductive, the cable can be put in a 
bath in the manner shown in fig. 22. 


(10) The Accumulation-of-charge Method 
of Measuring High Resistance 

A standard condenser is charged to a 
p.d. V 0 through the resistance R x to be 
measured for a time t ; from the charge 
accumulated on the condenser we can 
determine R x . 


c 

Rx 


-WW-1 


__ 

Tl 


Fig. 30 


Consider fig. 30. 

Let the voltage of the source be V 0 ; the p.d. across the condenser 
is in opposition to V 0 and variable with t; let its instantaneous value 


be v ; then the current in the circuit will be 


Vp- V 
R x 


The charge accumulated on the condenser in a time dt is idt — dq = 
Vo-v 


Rx 
C dv 


■ dt, and as q = Cv and C is constant, dq = C dv. Therefore 


Rx 


— • dt and dt = 


Vo-v 


dv. 
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Integrating between the time t = 0 when the charging begins, to 
t when the charging ends, we have 



- V, 

; t = — R X C 
= 0 





Fig. 31 


Assuming that a l and a 0 


Make 1-2, noting the time t during 
which the condenser is charged 
through the measured resistance R x . 
Then break 1-2 and make 3-4 dis¬ 
charging the condenser through the 
ballistic galvanometer B.G. and noting 
the deflection a v Make 3-5 charging 
the condenser to V 0 , then break 
3-5 and make 3-4 discharging the 
condenser and noting the deflec¬ 
tion a 0 . 

are directly proportional to the p.d.s 


across the condenser, we have R x =-. 

C log. --°— 
a 0 — a x 

It is necessary to get the deflection a 1 before a 0 , because if the 
condenser is first fully charged, then after discharge there might be 
a residual charge left, and the deflection a 1 will not be a measure of 
the charge through R x . 

It can be proved that the error on a 0 and a 1 will be a minimum 
when ~ — 1*87. The accuracy of this measurement is, however, so 
poor that a different ratio — will not much alter the error. 

Similarly, as in the loss-of-charge method, the accumulation-of- 
charge method gives the combined resistance, leakage, and volume 
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resistance. Its other chief disadvantage is that the voltage across R x 
changes during the measurement. 


Errors Inherent in the Method . 1 

The condenser insulation not being 
infinite, the circuit is in reality as 
shown in fig. 32. 

Let R c be the insulation resistance 
of the condenser C ; as the p.d. across 
R c is always equal to the p.d. across 

C, the current in R c x v . r 

will be -=r- if v is 
Rc 

the instantaneous voltage across C. The condenser therefore loses, 

v 

during the time dt , a charge equal to- dt. 

Rc 

But as the condenser is being charged through R x by a current 

V 0 — v y_ v 

it therefore gains in the time dt a charge ——— dt ; the 



Rj. 

net charge gained is therefore 


Vo 


Rx 

dt = 


— dt -— dt 


R c 

C R c Rx 


C dv; 


R c (V 0 — v) — vR x 


Rx 


dt = Cdv, and 


R c R x 

dv. Integrating between the time t = 0 

R c Vo - v (R c + R x ) 

when the charge begins, to the time t when the charge is finished, 
we have 


^ <ii = cbxRc j' 


(v at t — t) — V x 
dv 

RcV 0 — v (R c -f- Rx) 
[v at t = O) = O 


t = — 


CR x Rc 

Rc ~b Rx 


log. JRcV 0 — v (R c + Rx)] 


Vi 
0 ’ 


inverting the limits 


t = io9 .[R c V 0 - V (R c f R x )] = 

Rc + Rx L J 'i 

CR x Rc ^ RcV o 

Rc + Rx ° g ' R^v 7~ V 1 (Rc+^)' 


1 Further details will be found in Chaumat: Cours de Mesures Electriaues 
(S.F.E.; E.S.E., Vol. I). 
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If we know R c , we can calculate R x . 
We also have 


t (R c + Rx) ^ R C Vo 

CRxRc ~ ° 9 ' RcVo - Vi (R c -f Rx) ’ 

^ (Rc -f- R x ) 

CR x R c R C V o , 

e — -and 

R C Vo Vj (R c -f- R x ) 


RcVo 
Rc Rx 



t (Rc + R x ) 

CRxRc 


It follows that when the condenser insulation R c is not infinity, 

R V 

the maximum p.d. to which it can be charged is V lM =--——. 

Rc 4" Rx 

A careful check on the time t is therefore necessary, otherwise t 
can have any value whatever for the same voltage V 1M . 


(i) Practical Manipulation : I. The diagram of connections is that 
of fig. 31. 

Assuming R c is known (it can be measured by any suitable method), 
the condenser is charged through R x for a time t v then discharged 
through the B.G. ; the deflection being a x . The condenser is again 
charged through R x , but for a shorter time t lx ; discharged, and the 
deflection a n noted. If a 1 — a n , then the maximum voltage V 1M 
is reached. Another charge, for a time t llv shorter than t lv is neces¬ 
sary, giving on discharge a deflection a lu . If a lu is smaller, but very 
nearly equal to a n , then t xll ™ the maximum time of charge. After 
every charge and discharge, the condenser C has to be shorted for a 
while, in order to eliminate any residual charge left. 

Knowing t lxl and a m , the condenser is charged to the full voltage 
V 0 , and then discharged ; the deflection being a 0 , we have 

^_ C R x Rp ^ _ upRc _ 

Rx 4" Rc cioRc a m (Rc + Rx) 

When the resistance tested has an appreciable capacity, say C x , 
the circuit will be as shown in fig. 33. 

Immediately after the circuit is connected to the source of voltage 
V 0 , the two condensers are charged electrostatically. The total capa- 


CC X 

c + c x ; 


and the two condensers being in series, the 


city is Ct = 
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charge Q is the same on both, so that Q = C T V 0 = C V 01 = C x V x , 
where V 0 i and V x are the p.d.s across C and C x respectively ; therefore 


C T Vo 


01 


Vo; Vx 


c T v 0 


c 


V 0 . 


c c + c x c x c + c x 

After the electrostatic charge, when the p.d.s across the condensers 
are V 0 i and V x , C will begin charging through R x and losing charge 
through R c . Let the values of the instantaneous currents be as 
shown in fig. 33. 

The condenser C gains during dt a charge i t dt , and loses in the 
v 

same time a charge- dt , where v is the instantaneous voltage across 

Rc 

C. Starting from the value Von the net charge gained by C is therefore 


iAt - dt 

R c 


(34) 


V — v 

The current in R x is equal to —--- i 22 , and the current i 2 , 


Rx 


which is the discharge current of C x through R x , is i 2 = —where 

R x 

v x is the instantaneous voltage across C x starting from V x . 

The condenser C x loses during the time dt a charge i 2 dt = dt 

Rx 

and as V 0 = v + v x ; v x — V 0 — v , we can write: 

i t dt = —- dt = V ° — dt = Cx d (Vo - v) = - (! x dr. 

Rx Rx 

Now i t — i 22 — H \ that ~ — i 2 dt; so that (34) can 

Vo 


be written : q = Cdv 
/Vo “ v 


— dt + C x dv - —dt 
Rx Rc 


(—-- - —) dt = (C - C x ) dv = 

v Rx 


R ( 


— R x t; + (V 0 — v) R c 
RxRc 


dt. 


dt =- — c - — ^ - dv. Integrating between the time t — O, 

RcVo - v (Rc + Rx) 


B 
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when the charge through R x begins, until the time I, when the charge 
is finished, we have 


/' 


dt = R X R C (C - C, 


/ ‘(v at t - 

('ll of t — 


t) = 
dv 


V! 


R c Vo - v (R« + Rx) 
(v at t = o) = Voi 


t = - RxRc (C — [log. [RcVo - »(Rc + Rx)]l Z 1 
Rc + Rx L J Voi 

and inverting the limits, 

t = RxRc ( - C - — x i [log. [RcVo - v (R c + Rx)]] ^ 01 = 
R c + Rx L J Vj, 

R c Rx (C - Cx) r [o RcVo-Vo! (R c + Rx) l 

Rc + Rx L osr RcVo _ y x (Rc + r x) J 


We have also 


£ (Rq 4~ Rx) _ j o RcVo — Voi (Rc ~h Rx) . 

R c Rx (C - C x ) “ ° 9 ‘ RcVo - V x (Rc + Rx) ’ 
t (R c ~f* Rx) 

t R c Rx (C - Cx) = R cVo - V 01 (Rq + Rx) 
RcVo Vj (R c + Rx) 

from which we get 



t (Rc + Rx) 


t (R c -f~ Rx) 

y RcVo 

l e R c Rx (C — C x ) 

+ v ol 

R c R x (C — C x ) 

Rc + Rx ' 

c 


The maximum p.d. to which C can be charged is therefore 

v RcVo 

V 1M — —-—*. 

Rc + Rx 


A check on the time t is therefore necessary. 

(n) Practical Manipulation: II. The circuit is as in fig. 31. 

Make 1-2 for a time t l9 and discharge by making 3-4, noting the 
deflection a v Again make 1-2 for a time t lx <t l9 and note the deflec¬ 
tion. If a n = a v charge again for a time <m«u, discharge, and 
note the deflection a m . If a lu is smaller but very nearly equal to 
a xl then t ltl is the maximum time of charge. After each charge and 
discharge, C has to be shorted for a while in order to eliminate any 
residual charge. Having determined a in and t llv make again 1-2 
for a very short time ; immediately after, 1-2 is broken and 3-4 is 
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made, the deflection now being a 0X) corresponding to V 0 i; finally 
3-5 is made, charging C to V 0 , then 3-4 is made, discharging C, the 
deflection being a 0 - We have 


RcRx (C C x ) r, R c a 0 — cioi (Rc Rx 


R + Rx 


[log. 


Rca 0 — a m (Rc + Rx) 


R c has to be determined, but not C x , because Cx V x = C V 01 ; and 
Vx = Vo - V 01 ; Cx (Vo - V 01 ) = CVoi ; so that C x = CC Vo1 


Vo-V 


01 


t = 


RxRc (-+ l) 

V cto — a 01 / 

Rc Rx 


-log. 


Rca 0 «oi (Rc + Rx) 


Rc«o — ctm (Rc 4~ Rx) 

The accumulation-of-charge method is more difficult and even less 
reliable than the loss-of-charge method. 



CHAPTER IV 


CALIBRATION AND TESTING OF D.C. INSTRUMENTS. MEASUREMENT OF 
CURRENT, POTENTIAL DIFFERENCES AND E.M.F. 

(1) The Comparison Method of Checking Ammeters and Voltmeters 

Ammeters and voltmeters have to conform to certain specifications, 
and when a check for this purpose only is required, the comparison 
method is the best, because it is both simple and speedy. 

(a) Calibration of an Ammeter. The instrument, which can be 
a permanent-magnet moving-coil, moving-iron, or hot-wire ammeter, 
is checked against a substandard ammeter. .Any number of ammeters 
can be checked at the same time, provided there are sufficient reliable 
observers. 

The connections are as shown in fig. 34, where two ammeters are 
compared with a substandard. 

A suitable source, of 
voltage V, supplies current 
to all the ammeters con¬ 
nected in series, the cur¬ 
rent being regulated by 
the rheostat R/l 

The current is first set 
to such a value that the jrjg. 34 

pointer of the sub-standard 

stands at of its maximum scale ; then the readings of all the 
ammeters under test are noted. The current is now varied until 
the pointer of the substandard stands at ^ of its maximum, and 
the readings of the test ammeters again noted. This is repeated 
for etc., of the substandard scale till its full indication is reached. 
The check is now repeated by going back on the substandard scale 
to 5 9 e , x 7 0 , etc., until zero is reached. With a moving-iron ammeter, 

this test will also give an idea of the instrument hysteresis. It is 
necessary in this case never to decrease the current when going up 
the scale, nor to increase it when going down. 

When checking a hot-wire instrument, a certain time has to elapse 
between the setting of the substandard and the reading of the ammeter; 
this is required to allow the instrument to reach the temperature 
corresponding to the current flowing. 

68 
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The readings of all the ammeters have to be taken simultaneously 
should it be found that the current is changing between the readings 
of separate instruments. 

Each instrument zero has to be adjusted before starting the calibra¬ 
tion, and it is important to note whether the pointer comes back to 
zero after the test. 

The result of the test should be presented in a form which will at a 
glance show the reliability or otherwise of the instrument. The 
difference between the indications of each test ammeter and the 
substandard, given as a percentage of the substandard reading, is 
plotted against the substandard reading. When this difference is 
positive, it is plotted above the horizontal zero line, and if negative, 
below it, as shown in fig. 35(a). 



The points a, 6, c, etc., are joined by straight lines ; the whole hue a, b , 
c, . . . is the calibration line. If the true current is 3 A., we see that the 
test ammeter reads 3 + 5% or 3*15 A. Again, for 6 A., the checked 
ammeter reads 6 — 1% or 5-94 A. 

As, however, the readings of the substandard are guaranteed only 
within certain limits, and there is also a reading error on the sub¬ 
standard, each point of the calibration line is subject to an error. The 
constructional error and the reading error of the substandard, expressed 
as a percentage of the substandard reading, is therefore plotted above 
or -below each point of the calibration line. The points above and 
below the calibration line are also joined, as shown in fig. 35(a), by the 
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dotted lines ; the area between these lines is the uncertainty area. 
Considering a current of 3 A., we see that the test ammeter reading 
is 315 A. ± 1%, should the constructional plus reading error on the 
substandard be i 1 %. 

(i) Checking the Instrument Damping . The damping is a very 
important characteristic of the instrument ; two tests should be made. 

(а) A test on the time it takes the pointer to come to rest. In order 
to avoid any ambiguity, and to perform the test under well-defined 
conditions, the time between the first deflection (greater than that 
corresponding to the current in the instrument, which is the steady 
reading) and that which differs from this steady indication by as near 
as possible ^ of the steady value. Normally this time should not exceed 
3 seconds. 

( б ) The ratio of the first deflection to the steady value. The test 
should be made with a current of about 60% of the maximum reading. 
This ratio should not exceed 1*33. 

(ii) Example of Ammeter Calibration. A moving-iron and a hot-wire 
ammeter were checked against a substandard in the manner shown 
in fig. 34. The constructional error of the substandard can be taken 
as i 0-5% over the whole of its scale, and the reading error is ^ ^ 
of a division. The following results were obtained. 


Div. 

Substand. 

reading 

MovHot - 
iron wire 

reading\ reading 

M I. ' 

% <UJJ- 

H.W. 

Substund. % j 
read, error 

Substarut. 
tot. error % 

10 

1 amp. 

1 

0-95 

0 ! 

— 5 | 

± 0*5 i 

±i 

20 

2 amps. 

1*95 | 

l 

2 

- 2-5 1 

i 

i 

0 

d-0-25 

± 0*75 

30 

3 amps. 

3*07 

3-1 j 

2-34 

3*33 

± 0*167 

± 0*667 

40 

4 amps. 

4-08 

4-2 

2-0 

5 

± 0*125 

± 0*625 

50 

5 amps. 

51 

5-2 

2 ! 

4 

±01 

±0-6 

60 

6 amps. 

6-1 

615 

1*67 

! 

2*5 

± 0-084 

± 0-584 

70 

7 amps. 

; 

71 

712 

! 

1-43 

: 

1*715 

± 0*0715 

± 0-571 

80 

8 amps. 

8-25 

8*18 

313 

2*25 

± 0*0625 

± 0-5625 

90 

9 amps. 

9-20 

9-25 

2-22 

2*78 

± 0*0555 

± 0*555 

100 

10 amps. 

10-3 

1 10-35 

3 

mm 

± 0*05 

±0*55 
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The calibration lines and uncertainty areas are shown in figs. 35(6) 
td (c) 
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(6) Calibration of a Voltmeter. The method is similar to that of 
checking an ammeter. The voltmeter, or voltmeters, to be checked 
are all connected together with the substandard across a variable d.c. 
supply, or when a constant supply only is available, arranged in the 
manner shown in fig. 36. 



Fig. 36 


E is the constant voltage supply ; R a suitable resistance ; S a 
sliding contact on R. S is moved till the substandard pointer is on 
Jq of its scale maximum, then all the checked voltmeters are read and 
their indications noted. S is moved again till the pointer of the sub¬ 
standard is on of its maximum; the voltmeters are again read and 
their indications noted. This procedure is repeated, for every tenth 
of the scale, till the full scale indication of the substandard is reached. 
Then the checking is repeated from full-scale reading to zero. 

The same precautions apply as when checking ammeters. The 
calibration lines and the uncertainty areas arc plotted in a similar 
manner. 

(2) D.C. Potentiometers 

The opposition method described on p. 48 (fig. 17) is a simple 
potentiometer method. Considering the two resistances R x and R a in 
series with the rheostat Rh (fig. 37), the e.m.f. E will produce a 
E 

current : i = -; Rj, is the resistance of Rh, R b that 

R b + Rj + R 2 b Rh 

of E. 

For a certain setting of Rh and with E constant, the current i is 
constant, if R x + R 2 is unaltered. If we vary Rj while keeping 
Ri + R 2 constant, the p.d. across R x will change, so that when con¬ 
necting across R x an e.m.f. E x in series with a galvanometer (by 
connecting 6 to a in fig. 37), the galvanometer will show no deflection 
if Ej = i'Rj. 

The arrangement shown in fig. 37 constitutes a potentiometer. In 
order to have a precise measurement of E x , the p.d. across Rj, or 
across any part of it, has to be known with a high degree of accuracy 
before any useful measurement can be made. This determination of the 
p.d. across R 2 (or across part of it) is known as the setting, or the 






CALIBRATION AND TESTING OF D.C. INSTRUMENTS 73 



standardisation, of the potentiometer, and it is best achieved by 
means of a standard cell. 

The cell now officially recognised as a standard is the Weston cell, 
the e.m.f. of which, at a temperature of 20° C., is equal to e = 1*0183 i 
0 0001 v., in international volts ; or, as 1 international volt = 
1*00030 absolute volts, we have e — 10186 i 0*0001 v., in absolute 
volts. 

Its e.m.f. is therefore known within 0*00982% = 0*01%. 

The temperature coefficient of the cell is negative ; the e.m.f. of 
the cell as a function of its temperature is given by : 

e = 1*0183 - 0*0000406 (t - 20) - 0*00000095 (t - 20 ) 2 
- 0*00000001 (t - 20) 3 

where e is in international volts and t is the temperature in 0 C. (e can 
be converted to absolute volts by the relation given above). 

Extreme care has to be taken not to allow the cell to supply any 
appreciable current, even for a very short time ; a voltmeter should 
never be used to measure the e.m.f. of the cell. The cell, in series with 
the galvanometer, and the resistance R, are connected across R x by 
joining 6 to c (lig. 37); and when the galvanometer shows no deflection, 
the drop across R x is equal to 1*0186 v., if the cell is at 20° C. If then 
Rj is 10186 ohms, and variable by steps of 1 ohm (keeping, of course, 

1*0186 1 

Ri + Ra constant), the current in R, is : i =-= — amps, and 

10186 10 4 

a variation of e.m.f. of — could be detected. 

10 4 

The resistance R is for the purpose of protecting the cell while 
standardising the potentiometer ; after an approximate balance is 
obtained, R can be shorted by means of key k. 
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Once the potentiometer is standardised, let e be the e.m.f. of the 
cell; we have at balance e — iR v 

Connecting b to a and varying R x , so that it becomes R n , and 
a new balanoe is obtained, we have E x — iR n , therefore 

^ = — ; E x - e 5ll. 

R n E, R, 

It is always preferable to interpolate in the same manner as with 
the Wheatstone bridge (p. 36) when standardising and when deter¬ 
mining Ej. 

The source E, supplying i , is usually between 2 and 4 volts, so that 
when using for R x and R 3 two resistances boxes of 11110 ohms each, 

2 4 

the current i will be between —•-— and-amps; a part of E is of 

22220 22220 

course dropped in the connecting wires in Rh and Rb. 

The current in the potentiometer should be low ; — to — amps is 

10 4 10 3 

usual (although there are potentiometers carrying ^ of an amp), for 
if the current is high thermoelectric, e.m.f.s might arise. 

The sensitivity of the arrangement shown in fig. 37 varies with the 
magnitude of the e.m.f. measured, because when we measure an e.m.f. 
of the order of a volt (R x being variable in steps of 1 ohm, and having 
been set by means of e to 10186 ohms) we can get a variation of 
lofoo a v °lf or Toooo’ w hile if we measure an e.m.f. of say ^ of a 
volt the smallest variation possible will be x ^. 

(a) Industrial Potentiometers. These are potentiometers giving 
a precision of about lo 1 d0 , which is quite sufficient for such purposes as 
calibrating ammeters, voltmeters, and wattmeters, but not for high- 
precision measurements of current and e.m.f. 



(i) First Type of Industrial Potentiometer. In the first type, which 
uses a galvanometer for determining balance, the circuit arrangement 
is as shown in fig. 38(a). 
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The source E supplies the current to R x and R 2 , which are so 
arranged that their resistance can be varied by movement of the 
slider S, while Rj + R 2 remains constant. The standard cell is e, by 
closing 1-2 the cell is put in circuit and the potentiometer can be 
standardised. R is the cell protecting resistance with its shortcircuiting 
key k. Making 1-3 brings the e.m.f. E 1 , which is to be measured, in 
the circuit. 



H x and R 2 are generally divided in sets of resistances in the manner 
shown in fig. 38(6); the total resistance between a,a being equal to one 
resistance of 6 , 6 . 

The sliders move over dials marked directly in volts. If the resistance 
between a,a is equal to r, and is also equal to the resistance of one 
part of 6 , 6 , the total resistance of the potentiometer a,a, 6,6 is then 
r + 9r = lOr. Let the p.d. across a,a, 6,6 be V volts ; then the smallest 
change in voltage we can have is 

y r 

dV =- X — ; say V = 2 volts r = 10£, then 

10 r g 

2 10 

dV = - X — = 0 02222 volts. 

10 X 10 9 

The potentiometer can of course have a different number of coils 
between a,a and 6 , 6 , than that shown in fig. 38(6). 
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There is a mark on the scales, corresponding to the standard cell 
setting, so that when standardising, the dials are set for the cell, and 
R h varied till balance is obtained. When this is obtained, the scales 
read directly in volts ; at balance with E x , the value of Ej is therefore 
read directly on the potentiometer scales. 

When interpolating, while standardising, the dials are set for the 
standard cell and Rh varied till zero deflection of the galvanometer 
is found. Then R x should be decreased by a small amount (by means of 
the coils a,a) so that it becomes R 12 , and a small deflection a A is 
produced to the right, and then increased so that it becomes R 13 , and 
a small deflection a B is produced to the left. The value of R x is then 
(see Wheatstone bridge, p. 40) 

R x = R 12 + (R 13 - R 12 ) Ca ■ = 

«a + On 

But as the dial readings are in volts and not in ohms, we can write : 


Vi = V lt + (V 13 — v 12 ) —.... (35) 

a A + « B 

Vi, v 12 and V 13 are the potentiometer dial readings corresponding 
to Rj, R ^2 and R^ 3 . 

The error on V* will be : 

AW \ _ AV f 12 v' d A a' 

V'i V', a' A +a' B 

where v D — V 13 — V 12 , if the constructional error is known to be 
the same throughout the potentiometer, or 


AV\ AV ' 12 AV'd a A ' V'd A a' 

V'i V' i + V\ a' A + a' B + V # ; a\ + a\ 


(35a) 


if the constructional error is not the same through the potentiometer 
(see Wheatstone bridge, p. 40). 

(ii) Second Type of Industrial Potentiometer. When calibrating an 
ammeter, voltmeter, or wattmeter, by means of a potentiometer 
provided with a galvanometer, the work involved in balancing and 
interpolating becomes tedious ; for the purpose of instrument calibra¬ 
tion another type of a potentiometer, provided with a millivoltmeter 
instead of a galvanometer, is more suitable, although less accurate. 

The general arrangement is shown in fig. 39. 

The resistance of the potentiometer between AB is constant ; the 
division in sets of resistances and dials is the same as in fig. 42(a). 

When we make 1-2 the standard cell e , in series with the milli¬ 
voltmeter M.V. and the protecting resistance R, is in the circuit. The 
standardisation is done in the usual way : the sliding contacts (dials 
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in reality) are set for e, and the value of R& adjusted till the milli- 
voltmeter reads zero. The potentiometer dials then read directly in 
volts. When interpolating, the procedure is as described in the first 
type of potentiometer. 




To measure the e.m.f. of E x , 2-3 is closed, and the sliders a,a (dials) 
moved till the millivoltmeter pointer reads anywhere within its scale . 
The value of Ej is then given by the sum of the potentiometer dial 
reading and the millivoltmeter reading ; the potentiometer reading 
the unit, tenths and hundredths parts of the e.m.f. and the milli¬ 
voltmeter the and parts. 

That these readings are approximately the value of the e.m.f. 
measured can be seen by considering fig. 40. 
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Let Rj be the resistance between the sliding contacts a,a, when the 
standard cell is in circuit; at balance we have 


g 

i R, — e ; i = —. 

Ri 

Let the total resistance of the potentiometer circuit be r, then 

♦ ^ . E r E e 

ri — E ; i — — ; therefore — = —. 

r r R x 

When making 2-3, E x is in the circuit ; and as we let the milli- 
voltmeter read within its scale, there will be a current through it. If 
this current be i v and in the direction as shown in fig. 40, then 

E i = r i (*a + h) + r 2 h + .... (36) 

where r x is the resistance between the sliding contacts a,a for the 
setting of E 2 ; r 2 is the resistance of E x ; and r v the resistance of the 
millivoltmeter M.V. i A is now the current in the parts A,a, a,B of the 
potentiometer (i A is of course different from i, as the standard cell 
dehvers no current). 

The e.m.f. E being unaltered, we now have 

E = r i k + r x i,; i K = --— . ... (36a) 

r 

Combining (36a) with (36) we get 


Ei = f, [ 


(E - r, i,) 




E — r i ^1 t 


h] + fjh + r v i = 

) + r 2 H + 


r v 11 -~ 


r i E . . . . . • (r — r x ) E e 

—-h r v i x + r 2 i x r x i x --—, as-1-, we have 

r r r R x 


^ _ r i « , „ „• , „ „ , (r ~ r x ) _ , 

Ei — - r r y i x + r 2 r x -}- r x ^ 1 . 

R t r 

r y i x is of course the indication of the millivoltmeter, while the 
potentiometer dials can be arranged to read — - ; so that when we 

R i 

assume that E t = --- + rv the error due to the method is 

R, 

r i h + r t i v 

r 2 i x is the drop of volts in the source E x , which, if small, will intro- 
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duce a negligible error ; the term i l r l 


(r - r x ) 
r 


will be small if r — r t is 


small; that is, if the measured e.m.f. E x is nearly equal to the e.m.f. 
E supplying the potentiometer. 

The potentiometer is therefore unsuitable for small values of E lf 
although the error can be made small by making i x small; that is, 
restricting the reading of the millivoltmeter to very near its zero. 
Then the reading error on the milhvoltmeter will be large, and the 
measurement will not be rapid. These are disadvantages which will 
defeat the main purpose of using this type of potentiometer. 

When calibrating ammeters, voltmeters, and wattmeters, we can 
make E x fairly large, so diminishing the error, and with proper pre¬ 
cautions the potentiometer is capable of giving an accuracy within 

5 _ + n 1 
T6600 lu looo- 

There is no determination error here except when standardising ; 
we have, however, a reading error on the millivoltmeter. 

(Hi) Third Tyj)e of Industrial Potentiometer. The arrangement is 
shown in fig. 41. 



The numbers relating to this type of potentiometer given below are 
for the purpose of an example only. They are not necessarily actual 
numbers. 
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Between a,a we have II resistances of 1000 ohms each. 


ai,a x ,, ,, 11 

b,b „ „ 10 

bi,b 1 ,, ,, 10 


„ 10 „ 

„ 200 „ 

2 „ 


The sliding contacts S,S and are always separated by two 

resistances, of a,a and a 1 ,a 1 respectively, so that the total resistance 
of a,a, b,b is 


9 X 1000 -f 


(10 X 200) (2 x 1000) 


(10 x 200) -|- (2 x 1000) 

and that of a v a 1( b 1 ,b 1 is 

9 x 10 + < 10 X 2) (2 x 10) ^ 
+ (10 X 2) -f (2 x 10) 


1000012 


100 Q. 


Assume for ease of calculation that the total p.d. across a,a, a v a 1 
is 2*02 volts, the total resistance across a,a, a 1 ,a 1 being 10000 + 100 = 

2-02 

10100 Q ; then the p.d. across a 1 a 1 is- X 100 — 0-02 V. 

10100 

The voltage change caused by the movement of the slider S 1 ,S 1 by 

one contact of a^a, is^-^ — 0 002 V. 

10 

The movement of slider s 1 by one contact of b v b v which is the 
smallest change possible, will therefore bc ^ ■ — - — 0*0002 V. 


rp , , . 2*02 x 10000 

ihe p.d. across a,a is- 

10100 


2 V.; the movement of the 


slider S,S by one contact produces a change of - 


0*2 V.; and the 


movement of slider s by one contact of 6,6 produces therefore a change 
0*2 

of — = 0*02 V., which is equal to the change produced by the slider 
SjjSi over the whole of a v a v 


(6) The Laboratory Precision Potentiometer. The potentio¬ 
meters mentioned so far, even those working with a galvanometer, 
are not precision instruments, because the resistance R x + R a cannot 
be kept absolutely constant. In fig. 37 there is no guarantee that, 
when changing the plugs in the resistance boxes, there will be no 
alteration in the total resistance, while in figs. 38(a) and 38(6) there is 
no guarantee that the sliding contact resistance is the same all over 
R x and R 2 . 

In potentiometers used for precision measurement of e.m.f. or 
potential differences, the sliding contacts are transferred to the 
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galvanometer circuit; their effect is therefore zero, because there is 
no current in the galvanometer circuit at balance (or the current 
there is extremely small when interpolating). The general arrangement 
of the potentiometer is as shown in fig. 42(6). The values given are 
for example only, and vary in different makes. 



Consider first the simple arrangement of fig. 42(a). Between A and B 
we have a certain number of resistance coils (9 in the case of fig. 42(a)) ; 
ab is a resistance wire for fine adjustment; and the resistance of ab 
is equal to the resistance of one coil of AB. 

The potentiometer is standardised in the usual way, by connecting 
the standard cell e in series with the galvanometer and the cell pro¬ 
tecting resistance R to the terminals marked for the purpose, and 
varying Rh till the galvanometer gives no deflection. By making 1-2, 
E x can be measured, and its value read directly on the potentiometer, 
after a new balance has been achieved. 

The current in the potentiometer circuit has to be small in order to 
avoid thermo-electric effects, and also to keep E constant during 
the measurement. If we allow a current of 20 m.amp, with a p.d. 
of 2 volts across A-6, the total resistance between A and 6 has to be 


2 x 1000 
20 


100 Q. 


If now we have 9 resistance coils between A and B, then the resist¬ 
ance of each coil and also the resistance of the slide wire ab will be 
100 

10 


10 Q. 


F 
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The sliding contact on the wire ab is moved against a scale, and if 
we have 100 divisions on this scale, and the thickness of the index is 
such that we can distinguish ^ ^ of a division, then as one division 
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This of course will not do, the precision being low, and the slide 
wire, haying to be fairly thick in order to withstand wear, owing to 
the sliding contact, will be far too long, and very difficult to make 
uniform. 

To increase the precision and have a reliable slide wire, its resistance 
should be about 0*1 ohm and its length no more than about 50 cm., 
but then, as the resistance of each coil of AB is equal to that of the 
slide wire, the number of resistance coils required with the arrangement 


of fig. 42(a) will be 


100 - (H 
01 


= 999: 


this would of course make the 


potentiometer too cumbersome and costly. 

Consider now fig. 42(6). 

The potentiometer is divided into two parts A and B, the arrange¬ 
ment of the dials and resistances being as shown. The dials and 
resistances a and a x are for the special purpose of standardising the 
potentiometer, while 6,c and b v c x are used for the measurement of 
the e.m.f. E 1 . By joining 1-2 and li~2 v leaving all the other keys in 
their neutral positions, part A of the potentiometer is standardised; 
by making 1-3 and l x -S 1 (all other keys in neutral) part B is standard¬ 
ised. Joining 4-5, 4^! and 6-7 (all other keys in neutral), the e.m.f. 
E x can be measured. The potentiometer dials are graded directly in 
volts. 

The standardisation is done by varying Rh and Rh x till the galvano¬ 
meter shows zero deflection and then interpolating by means of dial 
a and c x if desired. 

When A and B are standardised, the current is exactly the same 
in A and B. 

Let the sum of the p.d.’s across be and b 1 c 1 equal 2 V, then, with 
the resistances as shown in fig. 42(6), the p.d. across the slide wire is 

— X 01 = 0 002 V. 

100 


If the slide wire dial has 100 divisions, and the index is such that 
± of a division can be distinguished, the potentiometer precision, 
or the smallest change of voltage available, will be 


0-002 

100 



2 x 10 V. 


Besides a and a x we have here 27 resistances, plus a slide wire, 
while to get the same precision with the potentiometer shown in fig. 
42(a) we should have had to have 999 resistances. 

Triple potentiometers for still greater precision can also be made. 
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(3) Calibration of Meters by a Potentiometer 

(a) Calibration of an Ammeter by a Potentiometer. The 
arrangement is that of fig. 43(a). 



The ammeter A which is to be calibrated is in series with a source 
V, a rheostat Rh, and a standard resistance R s ; the p.d. across the 
standard R 8 is measured on the potentiometer in exactly the same way 
as the e.m.f. E x in figs. 42(a) and 39. The current I is varied so that the 
ammeter pointer indicates etc., of its scale to full scale reading. 
If the values of the p.d. across R s are then V 1} V 2 , V 3 , . . . V n , then 

the values of the current I are . . ., 

R s Rs Rs Rs 

The potentiometer is standardised before the calibration in the 
usual way, and the standardisation has to be checked during the 
calibration. 

Calculation of the Systematic Error. For each value of the p.d. 
across R s of value V n we have 

I — XlL but V n = e go that I n = C ^ n - 
R 8 Ri Ri R s 

where R n is the setting of the potentiometer for V n and R x the 
setting for the standard cell. 

But we can write R n = Ri i r s where r 8 is the difference in the 
potentiometer setting between for the standard cell and for V n , so 
that the interpolation is done on r 8 and not on the common unaltered 
part of the potentiometer resistance. If therefore x r B produces a 
deflection a x to the right and 2 r 8 a deflection a 2 to the left, we shall 

have r 8 = x r B + ( 2 r 8 — x r B ) -, and writing a r 8 — x r B = q 

a i + a 2 

r B = 1^*8 + Q —^— ; Rn therefore becomes 
<*! + a 2 
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Rq — Rj ^ jTg ^ Q ---j so th&t 

<*1 + a t 


e (Ri ± i r s ± Q -—) 

_V_ cti + <V 

Rj Rig 


(37) 


While changing the position of the dials of the potentiometer, we 
alter resistances ; the dials, however, read in volts, so that (37) ought 
to be written : 


In 


V^g 


eVn 

V^s 


(37a) 


where Y x corresponds to the resistance R x (setting for V x ). Also, v s 
corresponds to the difference between V n and Y v and v to the differ¬ 
ence between 2 v B and \V Qi which give respectively the deflections a 2 
and <b v 


As V n — V i d; i^s i v 
dY n = dY j dz d x v B db dv 


a 1 + a 


■, the differential of Y x is 


+ a 2 


±v 


(a x + a 2 ) da x — a Y (da x + da 2 ) 

(«i + a 2 ) 2 


dY x ± d x v s ± dv —- 

«i + «i 


± v 


a 2 da x — a x da 2 
(«i + a 2 ) 2 


the logarithmic differential of V n is therefore 


dY n _ dY x d ( x v s ) dv a 1 v a 2 da x — a x da 2 

V n ~~V7 " Vn " ± V7 a x + a, V7 (a x + « 2 ) 2 

When standardising the potentiometer, we determined Y Xy corres¬ 
ponding to Rj, by interpolation, and found that 


V x = V 12 + (V 1S - V 12 ) 


a A 


n. _L 


' 12 


Vd 


a A 


see (35b 


and the logarithmic differential of Y x is 


dY x 

V x 


dV12 , dv d a A 
Vi Vi a A + a B 


+ 


Vp a B dq A — a A da B 

V x (a A + a B ) 2 


The logarithmic differential of (37a) will be 


dl n dc dY n dY x dRg 

T n ~ ~ 7 + v7 ~ ~ y \ rT 
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■ (iVj . d (jVg) dv c(j . v a x da t _ 

vT ±_ v7 ± 7Ta x + q 2 TT («! + a 2 )* TT “ 

<fo D q A Vp (q B d« A — a A da B ) dR B _ 

Vi a A + a B V x (a A + q B ) 2 Rs 

de V x dV x x v 8 d ( x v 8 ) t> dt> a t i> q 2 dq x — a x dq 2 _ 

T + VnV7 ± v7 !®. ± vT7q x + a*" 11 Vn (a x + q 2 ) 2 

Vi 2 dV 12 d d dp D a A _ t'p « B da A — q A dq B dR g 

V x V u V x v D (a A + a B ) V x (a A + a B ) 2 R s 

A TT TT , 1 dV 1 dVin 1 dVg dlV g , 

As V x = V 12 and x i> 8 — v a , we have — 1 = —— and-=-, so that. 

V x V X2 v a x Vg 

dl _ de V x dV x V x dV x v a d (v a ) v dv q x 

7~7 + v7V^~v^ ± v7 7 + 

v a a da x — q x dq 2 v v dv D a A v D a B da A — q A dq„ dRg _ 

V n (a x + a 2 ) 2 V x « D a A + a D V x (a A + a B ) 2 R g 

de dV x /V x \ dv 8 # do a x v q 2 dq x — q x da 2 

7 + vTVv„ _ ^ ± V^^ ± 7;7a 1 + a 2 ± V^ (a, + a 2 ) 2 

« D dvp a A i’p q B dq A — q A dq B dR a _ 

V x r D a A + a B V x (a A + a B ) 2 R s 

de dV x /V x — V n \ v s du s v dv a x » q 2 dq x — q x dq 2 
7 + v7 ' v n / ± 7p"7 ^"7,7 q x + a 2 *7 («1 + « 2 ) 2 ~ 

v„ dv D a A ?'d q B dq A — q A dq B dR g 

V x v D a A + a B V x (a A + a B ) 2 R 8 

The relative error on I n is therefore 

dl' n _ .de* dV' x / V' x — V'n \ tVg^ di>' a j/_ dt>' q' x 

I'n e' + V' x V V'n ' n + V'„ v’ a\ + a\ 

v' a' 2 da x + a'ida'a t/ D di/ D a' A 

V'n (q' x + a' 2 ) 2 V' x v'j, q' A + q' B 

v 'p a B dq A + a A dq B dR'g 
TT (a' A + q' B ) 2 + ITT ’ 

and as dq x = dq 2 = dq A = dq B = da say, we have 

dl' n = AV\ / V' x -V'n \ v\ Av\ t>' dt>' a' x 

l'n e' V'j V V'n ' V'n ✓ . V'» v' a' x +o'. 
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v ' Aa v' D Av' d a 'a , v'j, An! , JR ' 8 , 

V'na'i+a'2 V' x v'jy a'A + a's V^a^+a's R'b 

^ y "" * s ^ a ^ en as P 08 ^i ye whether V x is greater or smaller than V n . 
If it were known that all the resistances of the potentiometer have 

the same constructional error, we could write - ---- • = — = k say, 

i«; B v 

therefore 

dV n = dV x i A; ( x t; 8 ) ± kv ——— ± v 1 - — ; and as r 8 = 

<*i + « 2 (°i + a 2) 2 

x r 8 + Q -——, we have v a = x v 8 + v ——, then dV n = dV x ± 

a i + a 2 a x + a 2 

kv 8 i v —— 1 - - - 2 . The logarithmic differential of V n is now 

( a i + a 2 ) 2 

dTV'n d\ x . i? a 2 da x — a x da 2 

vr° kh). : 


When standardising and interpolating we now have 

= ^ 1 * + so thafc 

Vx Vi (a A + a n )* 

dl n __ de V x dV x v 8 efos v a 2 da x — a x da 2 dV X2 

e K + a 2 ) 2 ” VT 

v D a B da A — a A da B dR s dV 12 dV x 

Vi (a A + a B ) 2 * aS ~V7 “ “vT’ 

dl n __de v (a 2 da x — a x da 2 ) v B a B da A — a A da B 

In e V n (a x + a 2 ) 2 V x (a A + a B ) 2 

<ZV x / V x i \ Vg dvs dRg 


(^-o± 


V, ^v„ 


V n Rs 


ete u a 2 da x — a x cfa 2 a B da k •— a A da B cTV 1 / V x — V n \ 

e (ar+a^'^Vt (a A + a B ) 2 + V/ V n ' 

v 8 dvs dR 0 
V n Wg Rg 
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The relative error is now 
AT „ ^ Ae' | v' A'a 

1’ n 


+ 




Ao! , ■dV > 1 /V' 1 -V' n \ 


+ 


v\ Av' 


V'„a' 1 +a 2 ' V'.a'. + a', V' x 

A R' g 

R's 




V' n 

— L — has to be taken as positive whether V x is greater or smaller 

than V n . 

The smaller v a , that is, the nearer V n is to e, the smaller the error. 
The constructional error or errors of the resistances making up the 


potentiometer should be supplied by the manufacturer ; 


AW b 

R's 


constructional error on the standard resistance R s , whilst 


Ae' 


is the 


is, as 


, 0-00982 . . 

we have seen, ± —tt::—> assuming the temperature correction to be 


properly applied. 


100 


(6) Calibration of a Voltmeter by a Potentiometer. 
The arrangement is shown in figs. 43(6) and (c). 




If the total voltmeter reading is not higher than the maximum 
voltage of the potentiometer, the arrangement is that of fig. 43(6). 
If the voltmeter reading is higher than that of the potentiometer 
voltage, the arrangement of fig. 43(c) should be used. 

The potentiometer having been set or standardised with the aid of 
the standard cell, terminals p,p are connected to the potentiometer 
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exactly as E x in figs. 39 or 42(a), and when balance is obtained, the 
potentiometer reading gives the p.d. across p,p. 

The voltmeter is checked in the same manner as the ammeter for 
several positions of the pointer on the scale. 

In fig. 43(6), the voltage read on the potentiometer is also the 
p.d. across the voltmeter, while in fig. 43(c), as there is no current 
from or to p y p y the p.d. across the voltmeter is V = (R A + R B ) *a> 
i A being the current in R A and R B ; the voltage read on the potentio¬ 
meter is V n = R b t A , so that 


v = %+- Rb - . Vp 

Rb 


(38) 


The p.d. across the voltmeter equals the potentiometer indication 
R R B 

times —--. The arrangement in fig. 43(c) is known as a volt 

Rb 


box. 


Calculation of the Systematic Error. The error when using fig. 43(6), 
calculated in the same manner as for the ammeter, is 


AW n 


Ae ’ + 

AV'ii 

'V'x — 


v's A Q v' 

v' Av' 

«'i ! 

V T/ n 


e 

Vi 


„ t 

V'„ »' B 

V'» v' 

a ' 1 + °' 2 

v' 


Aa 


Av' © 

a A 


Aa 

/OQ\ 

7 

n 

«'x+a' 2 

+ v\ 

V' D 

+ 

«b V'x a' 

A + Ct^B 



or 


AV'n ^ Ac' 1 / A a' A a' AV\ / Vy-Vy , 

V' n ~ e' V 1 a' A f'a B + V x ' V' n > + 


v's Av\ 

V' w 7'7 


(39a) 


if all the potentiometer resistances are known to have the same con¬ 
structional error. 

The error when using fig. 43(c) is the same as (39) or (39a) plus 
Ra ~\~ Rb 

the error on — - -— ; the logarithmic differential of (38) is 

Rb 


dV d Vn , d (Ra Rb) dRp 
~V = ~v7 Ra + Rb R^ “ 
dV n . dR A , dRfl dRu 
”V7 + Ra + Rb Ra + Rb l7 = 
dV n Ra dRx . Rb dRs dRp 

V n Ra Rb Ra Ra Rb Rb Rb 
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dV n ■ Ra dR a . dRs / Rb j\ 

Vn RA + RB^iT^ Rb ^Ra + Rb ' 
dV n , Ra <iR A , c?Rr / Rb — Ra — Rb 

V n Ra H~ Rb Ra Rb Ra H - Rb 

The relative error is therefore 


AV' = AV' n R ; a AR\ R' a AW b 
v' v' n + r; a + R' b r' a r'a + R'b R'b 


The error varies with R A ; 


AR\ 

R'a 


and 


ZlR'p ! 

-are large, the pre- 

R'b 


cision of the measurement will be low even with the best potentio¬ 
meter. 

The results of the calibration should be presented as in the method 
of checking the instrument against a substandard, by drawing the 
calibration line and the uncertainty area. 


(c) Calibration of a Wattmeter by a Potentiometer. The 
general arrangement, using a potentiometer provided with a milli- 
voltmeter, is shown in fig. 44. 



Fig. 44 


P is the potentiometer, the internal connections of which are as in 
fig. 39. By means of keys k v k 2 and k 3 , the Weston cell, or the drop 
across R s , or the p.d. across p,p, is connected to the potentiometer. 
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A source of low voltage, about 4 volts, supplies current to an am¬ 
meter in series with the rheostat Rh, the standard resistance R fl , and 
the wattmeter current coil w C) by way of the double-reversing switch 
K. 

Another source of voltage, V, suitable for the wattmeter volt coil 
Wyy supplies this volt coil, the voltmeter and through the volt box, 
provides the p.d., across to the potentiometer. The wattmeter 
volt coil is also connected through the reversing switch K. 

The switch K is used because two readings for each setting of the 
wattmeter pointer are necessary in order to eliminate the influence 
of any external fields. The mean of each pair of readings is taken 
as the true reading. The ammeter and voltmeter are used for giving 
a rough indication of the potentiometer setting which makes the 
calibration much speedier. 

Calculation of the Systematic Error. The error is calculated in the 
usual way. There will be a determination error when standardising 
the potentiometer, and a reading error for each setting for R s and 
for the p.d. across p,p. 


As the wattmeter indicates W = IV, the error for each checked 

AY AV AV 

position of the pointer will be the sum of —— and ——; —— 
AV' 

and - • are calculated in the manner already explained. 


The result of the calibration is given by drawing the calibration 
line and the uncertainty area. 



CHAPTER V 


D.C. GALVANOMETERS 

(1) The Permanent-magnet Moving-coil Galvanometer 

The essential part of the galvanometer is a rectangular coil wound 
on a non-conducting former and placed between the poles of a perma¬ 
nent magnet. The coil is suspended by a silver or phosphor-bronze 
wire, called the suspension, which provides the opposing torque and 
serves also as a conducting connection to the coil. The other connection 
is at the bottom of the coil, and is either a stretched wire similar to 
the suspension or a thin wire wound in a wide spiral. The spiral is 
practically torsionless. 



Fig. 45(a) 


A small concave mirror is attached to the suspension ; light from 
a source provided with a suitable lens, passes through a round aper¬ 
ture and is projected on to the mirror. In the centre of the aperture, 
along its vertical diameter, there is a thin wire, so that when the 
light is reflected back from the mirror on to a transparent scale, often 
graded in millimetres, the reflected image is a bright circle with a 
dark vertical line in the centre ; this reflected image is called “ the 
spot 
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The scale is usually placed at a distance of one metre from the 
mirror, with the zero of the scale at its centre. When the galvano¬ 
meter coil is deflected or oscillates, the spot is deflected from the zero 
or oscillates. 

The arrangement is shown on fig. 45(a). 

Referring to fig. 45(5), the distance ab is a measure of the coil 
deflection. These deflections are small (the spot should not reach a 
deflection greater than 250 mm., which is half the total length of the 
scale), so that even when the deflection of the spot is 250 mm., the 

angle aob is 2a = arc tan. —— = 14° 2'. 

1000 

It is easy to see from the figure that the deflection of the coil is half 
that of the beam of light, or that of the spot, so that the coil deflection 
is a, and when the spot deflection is 14° 2', a = 7° 1'. 



Permanent-magnet moving-coil instruments (ammeters, volt¬ 
meters) come under the category of galvanometers ; the difference 
between the reflecting galvanometer and this instrument is that the 
latter is provided with a direct reading scale and a pointer, the moving 
parts rest on a pivot or pivots, and the opposing torque and con¬ 
ducting connection to the coil is provided by small springs ; the 
opposing torque is therefore much greater in instruments than in 
reflecting galvanometers. 

The arrangement of the essential parts of a moving-coil instrument 
is shown in fig. 46(a) and (6). 

The coil c is placed between the two rectangles a,a, made of copper 
or aluminium, which are called the formers (the coil can also be 
wound on one rectangular frame, also called a former). When the coil 
deflects, the formers have currents induced in them by rotation 
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SCALE 



Fig. 46(6) 


between the poles 
of the permanent 
magnet, and so 
provide a very 
effective damping, 
the result being 
that the moving part comes to rest 
quickly without oscillations (the in¬ 
strument is in this case said to be 
dead-beat). The iron cylinder d , called 
the core, serves to produce a radial 
field, as shown by the dotted lines in 
the airgap. Two springs 8,8 provide 
the opposing torque, and also the 
connections to the coil; p is the 
pointer; a nut n can be screwed 
up or down the length k in order to 
balance the pointer around the axis 
of rotation ; Sc is the scale. 
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There are two types of permanent-magnet moving-coil galvano¬ 
meters ; the uniform field type (fig. 47) and the radial field type (fig. 
48). 

The difference between fig. 47 and fig. 48 is that in the radial field 
type there is an iron cylinder, or core, between the magnet poles and 



Fig. 47 Fig. 48 


the coil. The radial field thus produced results in the force on the 
coil being at 90° to the active coil sides, even if the coil is deflected 
(provided a is not too great) ; while in the uniform field type the torque 
on the active coil sides varies with the angle of coil deflection. 

(2) Theory of the Permanent-magnet Moving-coil Galvanometer 

Consider fig. 49(a). Suppose the current through the coil be I and 
the coil deflection due to this current a, the dimensions of the coil 
being as shown and the field in the airgap H. The force on one con¬ 
ductor of one side of the coil, of length /, will be / = HZI. 

If the coil has n turns, the force on one side of the coil is / x = HZIn. 
This is also the force on the other side of the coil, so that the total 
force is F = 2HlIn. 

The forces being at 90° to H, the torque on the coil is 

2H Ilnwcos.a TT , _ 

x x - -= nlwlncos.a ; 

2 

but as Iw — S is the coil surface, we can write: 
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T* = HSIn cos.a — 0 In cos.a } where 0 = HS is the flux through 
the coil. If we write n0 = 0 O = flux hnkages, we have r x = 0 O I cos.a. 

The torque x x is balanced by the torsion of the suspension, if this 
torsion per radian deflection is r, then for a deflection a we have 
xa = <P 0 I cos.a, and as a is usually very small, ra = 0 O I. 



Fig. 49(a) 


The same system of units has of course to be adhered to, so that 
if a is in radians, r is in dyne cm. per radian, 0 O in Maxwell-turns, and 
I in e.m.c.g.s. units of current (in e.m.c.g.s. unit of current = 10 amps). 



Fig. 49(6) 


When the field is radial, fig. 49(6), the forces f x are always at 90° to 
the active coil sides (a small) even when the coil is deflected from the 
axis x-x (assuming the field in the airgap to be as shown); the torque 
is therefore r x = 0 nl — 0 O I . . . . . (41) 
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Relation (41) gives the steady deflection state, but we have also 
to oonsider the behaviour of the galvanometer between the instant 
the current I (the injected current) starts flowing and the time the 
deflection corresponding to I is reached. 

When a current is injected in the galvanometer, whether a steady 
current or a discharge, such as from a condenser, there is an electro¬ 
magnetic torque acting on the coil, deflecting it from the zero position. 
Owing to the inertia of the moving parts, the coil can be deflected 
beyond its position corresponding to (41), after which the moving 
part will come to rest, and then start moving back towards zero in the 
opposite direction ; it might again pass its equilibrium position, come 
to rest, and again move in the first direction, etc. In other words, the 
mobile part of the galvanometer might oscillate around its position 
of equilibrium. 

These oscillations would go on for ever were it not that the energy 
is used up in air friction (air damping), torsion of the suspension, or 
friction in the pivots in the case of instruments (frictional damping), 
and damping due to currents induced in the coil (or in the former on 
which the coil is wound in case of instruments), owing to the coil 
rotating between the poles of the permanent magnet (electrical 
damping). 

The amplitude and character of the oscillations will depend on the 
current injected, on the inertia of the moving parts, on the total 
damping, and on the torsion of the suspension, or springs. 

Let the damping moment relative to the suspension axis, resulting 
from all causes except the currents induced in the coil (that is, all 
damping on open circuit), be D v let the torsion constant (torsion 
moment per radian) be r, and the moment of inertia of the moving 
part be J ; whatever the value of the instantaneous current in the 
coil, we shall have 


dt a 


. ^ da , - . 

-j- Lj-f- TCt = 0o ^ 

dt 


(42) 


where a is the variable angle of deflection of the galvanometer coil, 


— the angular speed, and the angular acceleration. 


In (42) we assume that the damping moment is proportional to 
the angular speed ; this is very nearly true for small speeds, and 
strictly true for electrical damping. 

The current i must not be confused with I of (41); I is the current 
injected by an external p.d., while i is the sum of I and the current 
due to the movement of the coil between the poles of the magnet. 
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If v be the p.d. applied to the coil, and R and L its resistance and 
inductance respectively, we can write: 

di 

Ri -f- L — -f- 6g == v. 
dt 

e g is the e.m.f. induced in the coil caused by its rotation between 
the poles of the magnet. As the sides of the coil move in a field H 
and cut lines at 90° in the radial field, or very nearly 90° in a uniform 
field if the angle a is small, the e.m.f. induced in one conductor of one 
side of the coil will be : e x = HZw, where l is the length of the coil side 
and u is the linear speed of the conductor. 

The e.m.f. induced in all the conductors of one coil side is therefore : 
e B = H lun> and the same e.m.f. being induced in the two sides of the 
coil the total e.m.f. is e g = 2 H lun. 


Now if ^ is the angular speed and w the width of the coil, we have 
dt 


w da 
2 ~dt 


so that c g = 


Hln2w da 
2 dt 


but lio — S = coil surface, and SH« = 0 O so that 



So that Ri -f- L — + — = v, or Ri + L — = v — & 0 

dt dt dt 


da 

dt 


Now in permanent-magnet moving-coil galvanometers the term 

L — can be neglected, even if L is high, because — is small compared 
dt dt 

with the rate of increase of current; or, in other words, the current will 
arrive at its full value before the galvanometer coil has moved 
appreciably, so that we can write: 


da 


v 0o da 


Ri == v — 0 O — and i = — 

dt R R dt 

Putting the value of i from (43) in (42) we get 

T d 2 a , da , , 

J-f- Di — ~f- xa = ^ 

dt 2 dt 

j— + ( Dl + —) — 

dt v R > dt 


(43) 


V 

0 o 2 da 

R 

u 

o 

-*o 

P5 

i 

nrn 

„ 0 ° v - T 

l U 

R 


(43a) 
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0 2 o 

I is the injected current,-is the damping constant due to the 

R 

0 O 2 


currents induced in the coil; writing D x -|-— D, we have 

R 


T d 2 a , -pv da , T 

J- \-D -[- ra = 0 O I 

dt dt 


(44) 


As we have a particular solution of (44), namely ra = <2> 0 I, we need 
only solve the equation 


_ d 2 a , -p, da r 

j-^ D-h ra = O 

dt 2 dt 

The characteristic equation of (45) is 
Jp 2 -f Dp + r = 0 
the roots of which arc 


(45) 


(46) 


V i 


P 2 


writing 



Id 2 

— 4Jr 



/ D 2 

r 

si 

4J 2 


» 4J 2 

j 

D 

/d 2 

— 4Jr 


D 

/ D 2 

r 

2J 

V 

4J 2 


2J A 

» 4J 

j’ 

«i = 

D 
“ 2J 

; a 2 “ ' 

/ D 2 
V 4J 2 

r 

“ 7 ’ 




which gives p x = — a x + a 2 ; p 2 = — a x — a 2 . 
We have three cases to consider : 

„ y D 2 r 

Case I: -> —. 

4J 2 J 


The roots of (46) are real and unequal, the solution of (45) will be 


a - Ae Pl ‘ + b/‘ ‘ = tJ—' + “■> ‘ + Be*" ** ~ *■>(47) 
where A and B are constants ; differentiating (47) we get 

— = (— + a 2 ) Ae^ Ul + a ^ t + ( — a t — a 2 ) Be^~ (48) 

dt 

To determine A and B, let us count the time t = O when a = 0, 
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the coil of the galvanometer having then an angular speed co 0 (due 
to an impulse); then at t — 0 (47) becomes 

a = 0 = A + B ; — A = B ; and (48) becomes 
o)q = (— d i -f~ d 2 ) A + (— — d 2 ) ® > or 

co 0 = (— a x + a 2 ) (— B) + (— a x — a 2 ) B = — 2Ba 2 ; therefore 


COo 

2 a 2 


(47) and (48) can therefore be written 
_ co 0 e (— + d 2 ) * _ _^o e (— a \ — d 2 ) t 

2d 2 2d 2 


co 0 r (— + d 2 ) * (— a i — a 2 ) t 

I e e 

2a 2 L 


(49) 


da , . . 

— = (-oi + a,) 
dt 


COo (—a 1 +a 2 )t 
2a 2 


/ V 

(-«i -d 2 ) — « 

2d 2 


(-a 1 -a 2 )t 


, x (— di + a 2 )^ (— — a 2 )h 

— (—a x + a 2 )e x 2/ - (-a x - a 2 ) e v 2 (50) 

2a t J 


When the maximum deflection is reached, the angular speed becomes 
zero, this will happen at a time t m , such as will make (50) equal zero, 
or when 


(— a 1 + a 2 )e 


( a i d 2 ) t m ( a x d 2 )/ m 


— a 1 — d 2 ) e 


= 0 ; 

(— a i d 2 ) t m 


/ i \ ( ^1 -f- d 2 ) / v ' 

or (—a x + d 2 ) e 1 =( — dj — d 2 )e 


/ i v d 2 £ m / v 2do 

( -J- d 2 ) e = ( dj — d 2 ) e 

— dj — d 2 _ 2a 2 t m 

— 6 i 


■ dj + d 2 


the time t m is therefore 


1 — d x — d 2 1 7 

tm = — ^~— log.— 

2 d 2 — d 2 + d 2 2d a pj 


(51) 


The maximum deflection occurring at the time t m is found by 
putting (51) in (49), which gives 


d m — 


co o 
2d@ 


(£(;) (wj fa-f) 


— e 
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Pi 

2a 2 


’ 2a 2 



V_2_ 
2 a 2 


e 




, we have 




f a x 

- 

i 

n 

0)o * 

2 a 2 

j/-a 1 -a 2 \ 

/- «X -«2 

2 

\ _ 

2 

/ a x a 2 \ | 

2a 2 

IV— a x -f a 2 / 

.V— a 1 + a 2 

) 

V— a x + a 2 / Ji 


2a 2 ^ 

jwo f — d\ — a 2 \ / za 2 _' 

2a 2 V — a! + a 2 ' ' y/af — a 2 2 


as a x 2 — a 2 2 = — we get a m 
J 



It follows that the maximum deflection depends on J, T and co 0 . 
After the maximum deflection is reached, the moving part will 
start going back to zero, but at the maximum deflection the angular 
speed is zero, so that when putting t m in (48) we can write: 

O = (- a, + a 2 ) Ae Pl tm + (- a, - a t ) Be Pi <m = 


- a, Ue Pl tm + Be Pi <m ) + o,( Ae Pl tm -Be Pi tm ). 

As at we have a m > which according to (47) can be written 

a m = Ae^ 1 + Be^ 2 we have 
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0 = — a 1 a m + «» 2 am — 2Ba 2 e^ 2 * m , henco the constant B is now 
B = -— — — — « m e ^ m , and putting this value of B in (47) 


2a a 

we have 

o m = Ae^ 1 -j- -— aa ^ am> which determines the constant A. 
2a 2 

A = — — — a m c tm , so that finally 
2a a 

CL — - .... . (X m e 6 -f-u m V " 


2 a* 


2a o 


*2 

writing t = t m t v t 1 is the time counted from t m , we get 

_( a l 4* O'i) _ Jh , (^2 a i) « JP 2 ^1 

a — — -u m e “r - a m 6 — 


2a o 


2a n 


(52) 


e ( — a x + a t ) <J f «i + q 2 gj - «i e - 2rt 2 <1! 

m 1* 2a 2 2a 2 ' 

Do T 

As in this case —- > —, a 2 is positive, and therefore — 2a 2 t x 


is 


negative ; also as a* = — is greater than a 2 , the terms of (52) tend 
2J 

towards zero; that is, a decreases from t m onwards without theoretically 
ever reaching zero ; practically, however, after a short time the 
deflection becomes nearly zero. 



There are no oscillations in this case, the curve a = / (t) is shown 
in fig. 50. 
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D 2 r 

Case II: -< —. 

4J a J 


Writing as in case I 

roots of the characteristic equation will now be 

JPi = — V—1 = - dj +ja 2 ; 


’S _ai; V 


I D 2 

r 

» 4J 2 

J 


p 2 = — — a a V 7 — 1 = — c, — ja 2 . 

The solution of (45) is 

a = Aj e (_ ai + * + Be (_ a ‘ ~ ^ '= 

e“ “‘‘(a^+B^"^). 

4 i«2 * , , . . , — 7’a 2 £ ... 

As e = cos. a 2 £ + j sin. a 2 £; e — cos. a 2 t — jsm. a 2 t we 

have a = e * [A 1 (co5.a 2 f + jsin.a 2 t) + B x (cos.a 2 J — jsin.a 2 f)] = 

e 0/1 * [(A* -f- B^ cos. a 2 $ + (A x — B x ) j sin. a 2 t\ ; and writing 
A 1 + B x = A ; j (A x — B x ) = B we get 

a = e a ^(A cos. a 2 t + B sin. a 2 1) . . . (53) 

Differentiating (53), we have the angular speed 

do. d\ t _. ^ i t> * 

— = — a x e A [A cos. a 2 t + B sm. a 2 t] 

dt 

— a 2 e a±i [A sin. a 2 t — B cos . a 2 t J. 

To determine the constants A and B, count the time as zero when 
a = O, the galvanometer having then an angular speed co 0) (53) 
becomes 0 = A, therefore 

a = Be a ^sin.a 2 t ...... (54) 

Differentiating (54), we get Be 1 [ a 2 cos.a 2 t —a x sin.a 2 t] — —, 
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which for t = O gives co 0 = B a 2 , therefore B — —. 

a 2 

a and — can now be written (from (54)) 


C0 0 dyt . / 

a = —e sin.cid ...... (55) 

a 2 

dd CO o — d-tt . . « \ 

— = — e A (a 2 cos.a 2 t — a 1 sin.a 2 t) . . . (55a) 

dt a 2 


Considering (55) we see that a 2 J will make a alternately positive 
and negative, so that the moving part of the galvanometer will oscil¬ 
late. Were it not for e Ul \ the oscillations would be purely sinu¬ 
soidal, of constant magnitude ; as it is, the amplitude of the oscillations 
decreases with time. 

The times at which the moving part passes through zero are given 
by sin.a 2 t — 0, that is when a 2 t = 0, tt, 27t, 37t, . . . mr, or at 


,. . A 7T 277 3tT riTT 

times t = 0, —, —, —, . . . —. 

ct 2 & 2 d 2 (X 2 

The time between two consecutive zeros is -—-, 

a 2 cl 2 d 2 

and the time of a complete oscillation (zero to maximum, back to 

2 77 

zero, negative maximum, back to zero) is T =-. 

d 2 

The maxima of the deflections are reached when — = 0, that is, 

dt 


at times t m such as will make (55a) equal to zero. This will happen 
when d 2 co8.d 2 t m — d 1 sin.d 2 t m —0; d 2 C08.d 2 t m = d 1 sin.d 2 t my or 

d 1 , 1 dn 

— tan,d 2 t m = 1 ; t m — — arctan.—=. 

a 2 a 2 a l 


Let (} be the smallest positive arc (between 0 and —), whose 

2 

.do 

tangent is —, then we can write 


— . . . . . . (56) 


Putting in (56) all integral numbers for n (from zero), we get the 
times t m when the maxima deflections occur. 
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We can produce the following table: 


Time t 

Deflection 


0 

0 

First zero. 

t 

Cl 2 

Ctrai 

First max. deflection, say positive. 

77 T 

a 2 2 

0 

Second zero, half period. 

L + jl^I + L 

Cl 2 Cl 2 2 #2 

U m 2 

Second max. deflection, negative. 

2tt _ 2T 
a t ~~ 2 

0 

One complete period. 

Oj2 CL 2 2 Cl 2 

CL m 3 

Third max. deflection, positive. 

3tt_ 3T 
a 2 2 

0 

Fourth zero. 

C&2 Cl 2 0^2 ^2 

U m 4 

Second negative deflection. 

— = 2T 

CI 2 

| 0 

Two complete periods. 


etc., for n periods. 

We note from the table that the times t lx between the maxima 
deflections and the following zeros are greater than the times t xt 
between these zeroes and the following maxima deflections. We have 





^11 ^22 
^11 — ^22 


* 2i = l + T = p_ 
Cl 2 2 Cl 2 Cl g 2 2 Cl 2 

T p fi T 2p 2 

=---— — —-—; and as a 2 = - 

2 &2 Cl 2 2 Cl 2 1 

2 7tT - 4Tft _ T 77 - 2ft . 

4 77 2 77 


as ft is between 0 and —, £ X1 is greater than 
2 

The time between two consecutive maxima is 






106 ELECTRICAL MEASUREMENTS 

and the time between two consecutive maxima in the same direction 
2 T 

is-= T = period. 

2 

The ratio between two successive maxima deflections in opposite 
directions is 


Q 

co o a 2 . p 

— e c sin.a 2 — 

a o a 9 


) q V$2 ^2 


■i -+-) 

'd o Cln/ 


~(P+ ”) 


and writing - 1 - - = p ; 

dn 


q mi ___ e Q 
O- m 2 


g is constant for a given damping and is called the logarithmic 

2 7r 

decrement of the oscillations, and as a 2 =-, we can write : 

T 

a, it a x T 

^2V^~2~ :==Q ' 

T 

The ratio between two successive maxima deflections in the same 

direction is - q — 1 - = e^ y between the first and the nth maxima deflec- 
Um3 

,. Ctmi (w — l)p 
tion-- — e 

t t 33 

The times f u and f 22 depend on q because — =-— — —, and 

^22 ^ &2 q 2 

2 77 t n 77 — 8 7T do 

as a 2 =-, — =--— ; as — = —, we can write : 


Q <*i 


B — arc tan. — = arc tan. —, so that *— 

q i 0 ^22 


77 — arc fan. 


arc tan. — 


For instance, when 77 = q we get — — 3. 

^22 

Note that as — tan. a 2 t m — 1 , we have tan. a»t m = —, which means 
a 9 a , 


that sin. ad m — 


Va x 2 + a 2 2 


; (55) can then be written : 
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a 2 , . 1 . a« 

« m = — e X ■ ■ - ■ —, and as t m = — arc tan. — 

vV + « 2 2 a * °1 

the maximum deflection is 


-(—) 

\ a 9 / 


arc toi. — 


^l 2 + « 2 2 


. (56a) 


A * rn 2 7T a,T 

Again, as 1 =-, and q = -A—, we can write : 

a« 2 


v t 2 T* a 


+ 7T 2 a t _ 2p 2 7T 9 


a. T T 


therefore a m — —~~— e 


Q . 7 T 

-— arc tan. — 


2v^ 2 + 77 2 



Fig. 51 


The curve a = / (t) is shown in fig. 51. 

D 2 

Consider now the case when -= 0 ; that is, D = O. There is 

4J 2 

no damping ; we have now p x = ja 2 , p 2 = — ja 2 ; and as this is a 


case which comes under 


D 2 t_ 
4J a Y’ 


the equations 


will be the same 


except that D = 0 ; we can therefore write: 
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da ojq I r 

— = — a 1 cos.a 2 t~io 0 cos.aji l ^(j0ocos. / .j — • t. 

dt a 2 V J 

The oscillations are now purely sinusoidal ; the amplitude is con- 

2 77 

stant; and as T =-, the period is T = 2 77 

a 2 



Fig. 52 



The curve a — f (t) is shown in fig. 52. 

D 2 r 

Case III : -= —. 

4J 2 J 

Here a x = — is a double root of the characteristic equation ; the 
2 J 

solution of (45) is therefore 

a = (A -j - B£) e 1 ..... (57) 

If, when t = O, a = O and — = o) 0i then (57) becomes 0 - A and 

dt 

a = Bte ....... (58) 

Differentiating (58), we get 

da -p, ctil D (t-\t i y ci-it . /rA , 

— = — a x Bte + Be == Be (1 — a^) . (59) 

d£ 

which for J = O becomes co 0 = B, so that (58) and (59) can be written : 
a = co 0 te ...... (60) 

— = co 0 e (1 — «i0.(61) 

dJ 

The maximum deflection a m will be reached at a time t m , such as 
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will make (61) equal zero ; that is, when 1 — a x t m = O, t m = —. 

a i 

Putting this value of t m in (60), we get the maximum deflection 

(Do — 1 i 9 co 0 2J 1 . _ 9 

a m = — e > an( l as a l = — ; a m =-, again as I) 2 = 4Jr. 

a x 2J D e 


xJi-i 

\ re 


The relation giving a m at t m can be written (from (57)) 


a m — (A -f* E^m) X e 


• (62) 


Differentiating, we get 


— = — a x [A + B£ m ] e an( j as at t m = — the 


angular speed is zero, we have 

0 = —• «i (a + t + — = — a x a m + —, from which we get the 

\ a x / e e e 

new value of B as B = ea x a m ] and combining with (62) 

a m = (A + a m e) so that A — O. With these values of A and B 

we have a = a x a m ■ et • e If t x is the time counted from t m , we 

can write t = t m -{- t x ~ ~ + t x ; and 


2 — «i 

a — a x a m e (t x + -) e 

\ CL-t/ 


(^ + <1 ) 


&m (f 4“ a i^i) e 

differentiating — = a m [«ie a ^ 1 — a x e a ^ 1 (1 + a x t x )\ 
dt L J 

(1 — 1 a l^l) — Gt m 6 fj. 


Comparing (63) with (52) of case I, we see that in case III a decreases 
more quickly than in case I; there are no oscillations here either. 

The curve a = / (t) is shown in fig. 53, where the curves of cases 
I and II are also shown for comparison. 
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Case III is the case of critical conditions, and the damping D for 
which it will occur is called the critical damping. To the damping 
on open circuit we have to add an electrical damping by currents 
induced in the coil. The value of external resistance, plus the coil 
resistance, which, together with the open circuit damping, will pro¬ 
duce critical conditions, is called the critical resistance. 



It is obvious that a galvanometer should, if possible, be used in 
non-oscillatory conditions, as otherwise the galvanometer will oscillate 
and much time will be lost. 

Of the two cases I and III, the latter, that is, the critical condition, 
is the better, because the galvanometer comes back to zero or rest 
more quickly. 

It is, however, a fallacy, unfortunately maintained by many authors, 
to suggest that the critical conditions are the best; because if an 
additional damping occurs when working in critical conditions, it will 
not be easily noticeable, the spot coming to rest without passing the 
zero in any case. It is therefore better to use the galvanometer in 
oscillating conditions, preferably near the limit, giving the strong 
damping which occurs when the logarithmic decrement q = it. 
Here the spot passes to the other side of the zero, so, when any 
additional damping occurs, it is immediately noticed; also, the 
damping being strong, the galvanometer comes to rest quickly. 
What, however, is more important still, is that the maximum 
deflection for a given impulse is greater in oscillatory conditions than 
when non-oscillatory. 
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Comparison Between Near Limit of Oscillating Conditions, 
and the Critical Conditions. 1 Near the limit of oscillating condi¬ 


tions we have q = tt ; and as q = — 77, it follows that a 1 — a 2 


4J 2 


r /»!_ 

T 2 

L\4J 2 

T- 


(V-1) 2 


r r D 2 

As -j- is not zero, (64) is only true if -j- = 2 so that 


; that is, 
(64) 


v 


— = V'2 • —• = V2 • a v 
J 2J 


If p = 77, then a x = a 2 , and we are near oscillating conditions ; 
if q < tt, then a x < a 2 , and we have oscillating conditions with less 
damping than when q — tt. 

When q = tt, the value of the maximum deflection becomes (from 


77 


77 


(56a)) a ra 


coo e 
V2 -a 1 


4 


co o e 

VI 


4 


When working in critical conditions, the maximum deflection is 



so that the ratio of the maxima deflections 


with q = 77 and in critical conditions is, for the same impulse, 

77 


4 

«m = £_ 

U me — 1 

e 


1*235. 


For a given impulse the maximum deflection reached by the galvano¬ 
meter when q — tt is 1-235 times the deflection in critical conditions. 

The ratio of the first maximum deflection a mu when q — tt, to the 
second deflection a mg in the opposite direction, is 


= e n = 23; and a m2 = 0*0435 a mi . 

G m 2 

1 For further details, see Bedeau: Cours de Meaurea Electriques (S.F.E.; E.S.E., 
Paris; Vol. 1). 
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The third deflection will be 

a mi =a mi e- 27r = 0-00189 a mi .... (65) 

We see that a m3 will be quite imperceptible with the usual deflections, 
and the spot is practically at rest after the third deflection. 



Fig. 54 


The curve a = f (t) for q = tt is shown in fig. 54. 

Now let us see what the galvanometer deflection is, when used in 

T 

critical conditions, after half a period , and a whole period T x , of 
the condition q = tt. 


V t * __ 2 

— = V 2 a x , and the period T x ==- 

J a x 

( a 1 = a 2 ), the damping being greater in critical conditions where 
a ic =s ^If we put a 1Q in T x , we get 


( a 1 = a 2 ), the damping being greater in critical conditions where 


T x = — • V2 ; T x a ic = 2tt V2, 

«ic 


the deflection in critical conditions being 
a = a m (1 + a^) e 


— a 1 t 1 \ 


rp _ _ a/2 

we shall have at a = a m (1 + tt V2) e = 0*0647 a t 

and at Tt 
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/— — 2 77 a/2 

a = a m (1 + 277 V2) e = 0-0014 a m . . (66) 

Comparing (65) with (66), we see that there is not much difference 
(in practice none) between the times taken by the spot to come to 
rest in critical conditions and when q = tt. 

(3) The Sensitivity of the Galvanometer 

(a) The Theoretical Current Sensitivity. This is defined as the 
ratio ^ = s, or the coil deflection in radians j>er 1 e.m.c.g.s. unit of 

current; s has only a theoretical importance. 

(b) The Practical Current Sensitivity. This will be defined 
as the current in amps necessary to produce 1 mm. deflection of the 
spot when the scale is at 1 metre distance from the mirror. We will 
call it $p. 

(c) Relation Between the Theoretical and Practical Current 
Sensitivities. As s v is a current expressed in amps, we can write : 

s = - = —, if a p is the coil deflection corresponding to s p ; and 

I Sp 

as 1 mm. of spot deflection, at a distance of 1 metre, corresponds to 
*p, we have 

a _--- x 2 77 x - = —— radians, because the coil deflection 

2 77X 1000 2 2000 

is half of the spot deflection. 

Remembering that s p is in amps, and that 1 ampere = fa e.m.c.g.s. 
unit of current, we get 

_ _J_ ^ 1 1 

~ 2000 ' ' P 10 _ 200 s p 

(d) The Theoretical Potential Sensitivity. This is defined as 
s l = or the coil deflection in radians when 1 e.m.c.g.s. unit of 
potential is applied to it. 

(e) The Practical Volt Sensitivity. This is defined as the p.d. 
in volts across the coil, required to produce 1 mm. deflection of the 
spot, the scale being at 1 metre from the mirror. We will call it s y . 

(/) Relation Between Theoretical Potential Sensitivity and 
Practical Volt Sensitivity. As s y is expressed in volts, we can 
write : 

s x = — f if ctv is the coil deflection for Sy. Remembering that the 

Sy 

coil deflection is half the spot deflection, and that 1 volt equals 
10 8 e.m.c.g.s. units of potential, we have 
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Sl 2000 X 10 s X Sv' 

The volt and ampere sensitivities are often expressed as the number 
of millimetres of spot deflection per 1 //V across and 1 fiK in the coil 
respectively, the scale being at 1 metre distance from the mirror. 

(g) The Megohm Constant. This is defined as the number of 
megohms that must be connected in series with the galvanometer in 
order that 1 volt applied to the terminals produces a deflection of 
1 mm. of the spot when the scale is 1 metre away from the mirror. 

(4) Measurement of the Galvanometer Characteristics 

(a) Measurement of the Oscillation Period. The period can 
be measured either between two successive maxima deflections in the 
same direction, or between two successive zeros. 

If the angular speed of the galvanometer is great, it is difficult to 
determine the precise time when the spot passes through zero. In this 
case, it is better to determine the period between two successive maxima 
in the same direction. 

If the angular speed is small, the spot will remain for an appreciable 
time near the maximum. In this case, it is better to determine the time 
between two zeros. 

The galvanometer is given an impulse either by discharging a 
condenser through it (arrangement of fig. 57), or by injecting a current 
from a suitable source, in series with a sufficiently high resistance, 
for a short time. (Care has to be taken to inject a very small current, 
or when discharging a condenser, not to have too great a charge, other¬ 
wise the spot will overshoot the scale, and the galvanometer might 
even be permanently damaged.) The time is measured with the aid 
of a stop-watch. 

For greater accuracy, it is preferable to count several periods, and 
to divide the total time by the number of periods counted. This 
method is, however, tedious when the period is long, and it is therefore 
often productive of error. 

(i) Gauss'8 Method of Determining the Period. We determine first 
an approximate time T* of the period by counting several oscillations 
with the aid of a stop-watch. Having determined T v the galvanometer 
is left oscillating for a certain time, say, t , but the 'periods are not 
counted. 

If T x were the exact value of the period T, then — would be an 

t f ^ 1 

integer; generally, however, — will be an integer N, plus or minus a 
t Tl 

certain fraction, but — = T a will be a value nearer to T than is T x . 

N 
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Having determined T a> we can repeat the experiment by letting the 
galvanometer oscillate for a time, say, t 2f without counting the periods, 
and calculating a time T 3 nearer to T than is T 2 . 

We must, however, make sure that N = — differs from an integer 

Ti 

by less than 0-5, preferably 0*3 at the most, otherwise there will be a 

doubt as to whether N or N + 1 is equal to —. 

Tx 

As the exact value of the period is T = T t ± y, where y is the 
error in the measurement of time, we have NT = NT X ± N y ; 

= N± we must therefore have ^ 0*3. 

Tx T x T x - 

Example 14. If we assume that T t = 15 secs, and that the 
experimenter has found or knows that the maximum error on T, that 
is, y = J or ± J secs., then 

Ny< 0-3x15 N < - ° - 3 ~ 15 = 18, 

4 

t should therefore not exceed 

t < NT X ^ 15 X 18 = 270 secs. = 4 min. 30 secs. 


(ii) Calculation of the Systematic Error. The only error here is in 
the determination of the time at the beginning and at the end of the 
count. The magnitude of this error ±_y (± \y at the start and ± % y 
at the end of the count) depends mainly on the care of the experimenter. 
If one period only is counted, the error is of course ± y ; if N periods 

db y 

are counted the error becomes-. When using Gauss’s method, and 


± y 

stopping at T 2 , the error will be — ; and if we go on further to, say, 

N i 

~h y 

T 3 , with another N 2 counts the error becomes-. 

N x N 2 


(b) Measurement of the Logarithmic Decrement q. As the 
ratios of successive deflections in opposite directions are 


Oi 

«2 


e e ;^ = e e ;. 

a 3 


q n _ P Q 


ctn + i 


e , we have 


«i ; 

a n 


g ( n 1)Q therefore n - lg = log. — L ; q — —— log. —. 

a n * n-l v a n 


The galvanometer is given an impulse, and the deflections a x and a n 
noted. The damping has to be kept constant during the measurement. 
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because q = and a i = ~ depend on the damping. 

Calculation of the Systematic Error. The logarithmic differential of q is 


dq _ ^ (n - l) 

Q 1 

ft - 1 


4 K£) 



but n can be treated as a constant, because there should normally 
be no error on so that 


dq 

1" 


4 (**• S) 


a n / __ d (Zo<?. a t — log. a n ) 




log. — 
«n 


(<* aj) (<J a n ) 


/og.Jl 

On 


and as da x = da n we can write 


dq 

Q 


(da t ) (---) rf ai (l-^i) 
\a l aj \ aj 


loglog. — 
a n a n 


The error is therefore 




a-'ilog.-r- 

a. n 


and as we have seen, 


in the loss of charge method of measuring high resistances (p. 57), this 

error will be minimum when — = 3*59. 

an 

Aa\ is the reading error on the galvanometer. 

(c) Measurement of the Moment of Inertia J and the Torsion 
Constant t. Having found T and q } T being measured on open 


circuit, we have Ja 2 = 

dition) and a x = ~ , 

T 2J 



4J 2 


r D 2 

because — > —- (oscillating con- 


therefoie a 2 2 = 


J 

(2t r) 2 
1 * 2 


4J 2 

T 

T 


(2 qY 

T 2 


, and 


J = 


rp 2 


4 (7T 2 + q 2 ) 


X T 


(67) 


Adding to the moving part of the galvanometer a small moment of 
inertia J v by putting on the coil a small ebonite strip with two de¬ 
pressions, in which two small, non-magnetic, non-metallic balls can be 
placed (see fig. 65), we repeat the measurement of the period and of 
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the logarithmic decrement, getting now the values, say, T x and q v 

•j* 2 

We shall have J + J x =---r ; combining this with (67), 

4 ( 77 2 + ei 2 ) 

j = + x j 

TxMir + e*) - T 2 (7r 2 + ei 2 ) 11 

Knowing J, we get r from (67). 


A 



As the damping on open circuit is usually small, except in instruments 
such as ammeters and voltmeters (an average value for q and pj is 
about 0*04), g 2 and q x 2 can be neglected before tt 2 and we have 
r£>2 rp 2 

J = —- r and J + Jj = —- 1 - r, from which we get 
47T 2 4 TT 2 

T T 2 j J x 4tt 2 

Ti 2 _ T 2 Ti 2 __ T2 

The errors on J and r can be calculated in the usual way from the 
logarithmic differentials. 

(d) Measurement of the Galvanometer Resistance. A suitable 
method is Kelvin’s false zero method, the arrangement of which is 
shown in fig. 56. It is very similar to a Wheatstone bridge. 

The galvanometer G, the resistance of which has to be measured, 
is in one arm of the bridge ; the resistances R x , R s , R 4 make up the 
other arms, E is the source ; R a suitable resistance to limit the 
current in the galvanometer; k x and k 2 are switches. 
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Manipulation. Close k u then there will be a current in the galva¬ 
nometer, and the corresponding deflection will be, say, a. Close k 2 , 
and vary the resistances R x , R& R 4 , until, with k 2 open or closed, 
the deflection remains a. When this happens, points A and B are 
at the same potential, and the balance conditions are the same as in 

R 

the Wheatstone bridge ; therefore R X R 3 = </R 4 ; g = R 3 > where 

g is the galvanometer resistance. 

It is preferable to interpolate around the deflection a instead of 
trying to keep a constant; the interpolation and calculation of the 
error are done in the same way as for the Wheatstone bridge. 

(e) Measurement of the Critical Resistance R c and the 
Resistance R x Corresponding to Near Limit of Oscillating 
Conditions. The arrangement is shown in fig. 57. 

(i) Manipulation. Make 1-2, charg¬ 
ing the condenser C from the source 
E, then break 1-2 and make 1-3, 
discharging C through the galvan¬ 
ometer, and open 1-3 immediately 
after the discharge. The galvan¬ 
ometer, having received an impulse, 
starts with a speed cd q , attains a 
maximum deflection a m , and then 
comes back to zero, without passing 
it if the conditions are non-oscillatory. 
The galvanometer will start to oscil¬ 
late if the conditions are oscillatory. 

Fig. 67 Start with the variable resistance S 

high enough to have oscillatory con¬ 
ditions, then gradually diminish S while the condenser C is being 
charged and discharged for each value of S, until the ratio of the 
first to the second deflection (opposite direction) is e 7 * = 23. When 
this happens, we have 

R n = g -f- S tp where g is the galvanometer resistance and S tt the 
resistance of S for the condition q = tt. 

Having determined R ^ diminish S still more (increasing the damp¬ 
ing), until the spot just comes back to zero without passing it; then 

R c = g -f S c , where S c is the resistance of S for critical conditions. 

(tt) Calculation of the Systematic Error. The logarithmic differential 
of R ff or R 0 is 

dR _ d (g + S) __ dg dS __ g dg_ S dS 
R g + S g + S g + S p + Sp g + SS* 
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and the error will be 

JR' ^ g' Ag' S / AS' 

R' 9’ + S' g' + g' + S' S' 

When calculating the error on R, JS is the known error of S (con¬ 
structional error) plus the determination J D S, which is the value, 
plus or minus, by which S can be changed without a noticeable change 
in the behaviour of the spot. 

When calculating the error on R^, J D S is much more difficult to 
assess because of the reading error on the galvanometer, which here 
has to be translated into corresponding changes in S ; very careful 
manipulation is necessary. 

(/) Measure¬ 
ment OF THE 
Flux Linkages, 

Flux, Field in 

THE AlRGAP AND 

the Current 
and Volt Prac¬ 
tical Sensitiv- 
ities . The 
arrangement is 
shown in figs. 

58(a) and (6). 

G is the gal¬ 
vanometer, of 
resistance g ; S 
a variable resist- Fig. 58(a) 

ance shunting G; 

R a suitable variable resistance ; E a suitable source of voltage E. 

With the connections of fig. 58(a), we have 




E is measured by a suitable instrument. 

If a be the deflection for i u we shall have 


r a = 4>o»i ; <P 0 = — - = ra X k+3 . . . (6 8) 

i x St 

As r has been determined, we have <P 0 . 

If we know the number of turns on the galvanometer coil, say, n, 

<p 

then <P =-; if we know the dimensions of the coil, say, l and w , 
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We can get the theoretical current sensitivity knowing that 

8 = where a is in radians and i t in e.m.c.g.s. units, and the 

T *± 

practical current sensitivity from s p = where mis the spot deflec¬ 


tion in mm. and i x the current in amps. 

Knowing the galvanometer resistance g , we get the practical volt 
sensitivity from s y — s v -g. 



The arrangement of fig. 58(a) is not suitable for very sensitive 
galvanometers, since i 1 has to be very small for a suitable deflection, 
S has to be small and R very great; there can therefore be no pre¬ 
cision in the measurement (as can be seen when giving the equation 
for the logarithmic differential of (68)). The arrangement of fig. 58(6) 
is preferable. 

The resistances R 2 and R 2 can be varied by altering the position 
of the sliding contact; with the notations of fig. 58(6) we have 
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E = I R x + (I + i) R 2 ; I R x = i R T where Rx = R + 


S g 

s + g 


, so that 


E = i Rx *f* ^ R 2 4“ 1R 2 > i 

As i x = ——— i , we get 

S + g 


E-IR 2 
Rt 4" R 2 

S E - I R 2 
(S + g) Rx + R* 


The value of the flux linkages is 

'TQ _ xa (g + S) (Rx 4* Rg) 

H 


00 = 


S (E — I R 2 ) 

As for the arrangement of fig. 58(a) we have also 


0 


0 o_ 

n 


H = 


0 

l • u 


00 


Sy 


m 


x g. 


The source E in fig. 58(6) has to be an accumulator because care 
has to be taken that E does not vary during the measurement. The 
milliammeter A measuring I has its resistance included in Rj; the 
resistance of A need not be known. E is checked by the voltmeter V. 


(<7) Simple Determination of the Galvanometer Constants. 1 
Generally the open-circuit damping is very small, and when this 
damping is neglected, the galvanometer constants can be determined 
very quickly from the measurement of the period T, the critical 
resistance R c , and the practical current sensitivity s p . We have _ 


■*VL 


(69) 


D 2 r 

(at critical conditions -— = —). 

4J 2 J 

All damping being by currents induced in the coil a. 


it follows that — = — — 

J 4J 2 R c a 


D 

2J 


2JR C ’ 


therefore 


R c = 




2V 7'J 


(70) 


As 

s = ^ = — x — = —°- 

8 p 200 $p T 


(71) 


1 For further details, see Bedeau: Cours de Mesures Electriques (S.F.E.; 
E.S.E.; Vol. I). 
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Combining (69) and (70) wo get 

„ _ 0 O 2 /T 7T0O 2 

Koi — ~ : X Ztt a/ — 

2VrJ > r r 
Combining (71) and (72) we get 
r> t 

RcT = 8 77^0 * &0 

A l0 O 

As T - - 


0 o = 

8 77 

0 _ 

R C T 

s 

8 2 7T 


AsT> = A^; J- T2t RoT3 


(72) 


(72a) 

(73) 

(73a) 


Example 15. A galvanometer on test gave the following results : 
period on open circuit T = 8 secs., critical resistance R c = 2000 ohms, 
practical current sensitivity « p = 2x 10“ 9 amps. Find the galvano¬ 
meter constants, neglecting the damping on open circuit. 

The theoretical current sensitivity is 

8 =s —X ---= 0-25 X 10 7 rajjiians/e.m.c.g.s. unit of current. 

200 2 X 10 ® 

The critical resistance in e.m.c.g.s. units is 

R c = 2000 X 10 9 = 2 X 10 12 . 


The flux linkages are 

, R C T 2 x 10 12 x 8 OA OQ 1AR „ 

& 0 =-- =-20-38 X 10 5 Maxwell turns. 

Stt 0-25 X tt10 7 

The torsion constant is 


R C T 2 X 10 12 X 8 Aolc3 
= -—-= 0-815 dyne-cm.-radian. 

a 2 77 (0-25 X 10 7 ) 2 77 

The moment of inertia is 


RcT 3 

477 3 a 2 


2 x 10 12 X 8 3 
4t 7 3 (0-25 x 10 7 ) 2 


1-32 gm.-cm. 2 


(5) The Ballistic Galvanometer 

A galvanometer is said to be ballistic when its period of oscillation 
is great compared with the time of a discharge through it, so that 
the galvanometer is practically still at rest when the discharge is 
finished. The galvanometer receives an impulse, and starts from rest 
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with a speed (o 0 . It follows that T = 2tt. 


VI 


being great, — has to 
T 


be great; that is, the moment of inertia has to be great and the control 
constant small. 

The general equation of the galvanometer being 

T d 2 a , ^ da , , . 

J-h D- \- ra — <P 0 i; 

dt 2 dt 

i being the injected variable current of the discharge. If we integrate 
between the time t = 0 at the beginning of the discharge, to t = t 
at the end of the discharge, we have 


t 


idt (74) 


N ° w - j r w x at =j (w) = j s at minus j t at °= f ° o> 

J o u 

because the angular speed is zero at t = O and co 0 at t. 

x dt = Da at t , minus Da at 0 = O, because the galvano¬ 


J 0 


meter is at rest at t = O and at t — t. 


x I adt = rat — raO = 0, a, being zero at t = 0 and at t = t. 
J O 

rt 

1 i dt — q t where q is the charge received by the galvanometer. 
JO 

(74) can therefore be written 

Jcoo = <P 0 q and co 0 = ; q = . . . (75) 

J 0 O 

When the conditions are critical, we get as the maximum deflection 
a m = a) °^ X - ; and, combining with (75), we get a m = x -. 


(a) The Theoretical Charge Sensitivity. The theoretical charge 
sensitivity, which is defined as the number of radians by which the 
coil will be deflected per e.m.c.g.s. unit of charge, will be 
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G m 

q 


0o 

VrJ 



(6) The Practical Coulomb Sensitivity. This is defined as the 
number of coulombs necessary to produce a deflection of 1 mm. of 
the spot, the scale being at 1 metre distance from the mirror. It will 
be denoted by s cp . 


(c) Relation Between the Theoretical Charge Sensitivity 
and the Theoretical Current Sensitivity. As 


0o , 0o . 0o 

s = ——, we have — = — - -- 

* s V rJ ex 



(d) Relation Between the Practical Sensitivity in Coulombs 
and the Practical Sensitivity in Amps. As 5 cp is a charge, we can 

write s Q = —if a cp is the coil deflection in radians corresponding 

Sc P 

to s C d ; we have seen that s = —, therefore A — X 

P « P * «c P \ J e 


We have also T = 27r^J if the open-circuit damping is neglected, 


so that 


^c P — 


a P T e 

2 7 T 


(75a) 


When working near the oscillation limit (p = tt), the maximum deflec¬ 
tion is 1-235 times the deflection at critical conditions, so that when 
q — it, we get 


= 1*235 X where s C7r 

« x e 

Vy 

when 7r = q. 


is the charge sensitivity 


(6) The Shunted Ballistic Galvanometer 

Consider fig. 59. The ballistic galvanometer, of resistance g and 
inductance Z, is shunted by a resistance R which has an inductance 
L; a discharge is produced across a,a. 

Let the instantaneous values of the currents be as shown in fig. 59 ; 

d% di/ dd 

then Ri’i + L —- = v ; gi + l -b ^0 — = v, where v is the value 

dt dt dt 

of the instantaneous voltage across a,a ; n is the number of turns on 
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the galvanometer coil; and 0 the flux from the permanent magnet 

through the coil. Then R i x + L — = gi + l — + n 0 —; and 

dt dt dt 

integrating between the time t = 0, beginning of the discharge, 
to t — t, end of the discharge, we have 

R f Q iidt + L / 0 ^ dt= 9 f 0 idt+z / 0 § xdt + x dt (76) 

The terms of (76) which are 
multiplied by L and l are zero, 
because the currents i x and i 
are zero at t — O and at t = t. 

The last term on the right- 
hand side of (76) is zero, be¬ 
cause there is no flux cut by 
the coil at t — 0 as at t = t, 
considering that the coil did not 
move during t and the change* 
d0 is zero, so that 



ft ft q R 

R / i x dt = g idt ; Rg x = gq and — = —, 

J 0 J O q x g 

or the charges in the galvanometer and the shunt, divide inversely 
as the resistance of the galvanometer and the shunt. The charges are 
independent of the inductances. As the total charge across a,a is 
Q — (7i + we have 


q ___ R 
Q - a 9 ’ q 


R _ 

-* x Q 

K + g 


(77) 


Measurement of the Practical Coulomb Sensitivity (Cali¬ 
bration). The arrangement is shown in fig. 60. 

R x and R a are variable resistances ; the sum of R x + R 2 has, 
however, to be kept constant, in order that the damping should be 
constant. C is a standard condenser, E a suitable source, and G is 
the galvanometer of resistance g. 

(i) Manipulation . Set R x and R a so as to have the proper resist¬ 
ance for the required damping ; the value of R a depends on the 
galvanometer sensitivity. Make 1-2, charging C to the e.m.f. E, 
then the charge on C is Q = C E. 

Break 1-2 and make 1-3, discharging C through R a , which, relative 
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to C, is in parallel with g + R ; from (77), the charge passing through 


the galvanometer is q = ---•CE = «i 3 cp ; m is the 

R 2 + 9 + Ri 

q 

deflection of the spot in mm., so that — = s c p , which is the practical 

Tfl 

galvanometer sensitivity in 
coulombs. 

The value s C p is sometimes 
referred to as the galvano¬ 
meter constant. It will, how¬ 
ever, be found that s cp is not 
always a constant throughout 
the whole length of the scale. 

If C, E and the resistances 
are not known with sufficient 
accuracy, it is preferable to 
3 measure the practical current 
2 sensitivity and to calculate 
s c p from (75a). 

(n) Calculation of the Sys¬ 
tematic Error. The logarithmic 
differential of s C p is 

Fig. 60 

ds c p dC ^ dE ^ dR 2 rfKg dg 

£ cp C E R 2 R 2 9 + Ri R 2 + ^ + Ri 

dR t dm 

R 2 4“ 9 4" Ri w* 

dC dE ^ dR 2 R 2 dR 2 g dg 

C E R 2 R 2 4“ 9 4" Ri R 2 R 2 4“ g 4- Ri g 

R t _dRj dm __ 

R 2 + g + Rj R x m 

dC dE j dR 2 / g 4~ Ri \ g dg 

C E Rj 4* ? 4- Ri R 2 4- g + Ri g 

Rj dRj dm 

R 2 + g + Ri Ri w 
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The relative error is therefore 

Aa'cy = AC AW AR\ / g'+R\ \ 

s'cp C' E' R' 2 \R ' 2 + g’+R'J 

_ 9^_ _fV_R/j_ ^R'i , Am' 

R\ + g'+R'i g' R' 2 + ^+R' x R\ m' 

AW is the error in the known value of E, which, if measured with 
a voltmeter, will include the constructional plus the reading error on 
the instrument. 

^ Example 16. “ Why is it advisable to short-circuit the terminals 
of a sensitive moving-coil instrument during transport? 

“ The coil of a moving coil meter is wound on a non-conducting 
former whose height and width are both 2 cm. It moves in a con¬ 
stant field of 1200 lines per cm. 2 The moment of inertia of its moving 
parts is 2*5gm.-cm. 2 , and the control spring exerts a torque of 300 
dyne-cm. per radian. Calculate (a) how many turns must be wound 
on the coil to produce a deflection of 150° with a current of 10 mA.; 
(6) the resistance of the coil to produce critical damping, all damping 
being taken as electro-magnetic ” (University of London, Electr. 
Measur., and Measur. Instruments, B.Sc. Final, 1948, paper 2, ques¬ 
tion 7). 

If the instrument is not short-circuited, the only damping is the 
open-circuit damping, so that the moving part of the instrument will 
oscillate when the instrument is moved. These oscillations might 
become very violent, and damage might result. When shorted, the 
conditions will be non-oscillatory and there is much less danger of 
damage. 

The surface of the coil is S = 2 x 2 = 4 cm. 2 , neglecting the thick¬ 
ness of the wire. 

The flux through the coil is 0 = 4 X 1200 = 4800 lines per cm. 2 

From ra = & 0 I we have 

0 = 300 . x . 15 ? x - \ - = 0-785 x 10® linkages ; 

57-3 10 

1000 X 10 

converting 150° to radians by dividing by 57*3 and jjgg amps into 
e.m.c.g.s. units of current by dividing by 10. 

The number of turns on the coil is 

> = £. = mxi»_ 18 . f 
0 4800 

Open-circuit damping being neglected, we have 
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4V _ (0-785 x 10 6 ) 2 

2V735- 2\/300 X 2-5 X 10 9 


11 - 2/2 


(dividing by 10 9 to get R c in ohms). 

Example 17. “ The combined resistance of the coil and springs 
of a moving coil d.c. instrument is 1-1 ohms. The full-scale deflection 
of 90° is caused by a current of 12*5 mA. It is desired to adjust this 
movement so that its effective resistance measured at the terminals 
of the shunt is 5 ohms, and the full-scale deflection is produced by 
15 mA. What resistances are required? Calculate the periodic time 
of this instrument on the assumption that no other form of electro¬ 
magnetic damping is provided and air damping is negligible. The 
constant of the control springs is 313 dyne-cm. per radian and the 
moment of inertia of the movement 4*5 gm-cm. 2 . The equation of 
motion for the instrument is given by 


r dM 

dt 2 


+ (■ 


G 2 


Rg R + Rg dt 


'l — + Ui9 = G i, 


iin. 


where Rgr, R, and R s are the movement resistance, series resistance 

and shunt resistance respectively ” 
(University of London, Electr. Measur., 
and Measur. Instruments, B.Sc. Final, 
1947, paper 1, question 3). 

One way of adjusting the movement 
is to add a resistance R in series with 
the moving coil and a shunt S across 
the instrument (fig. 61). 

Before adjustment, a current of 12-5 
mA. produces full-scale deflection, and 
this current is the coil current; after 
adjustment, as the coil itself is not 
changed, we must have the same current 
in the coil for full-scale deflection. 



The p.d. across the coil is 


1-1 x 12- 5 
1000 


13-75 

1000 


As after adjustment the total resistance of the instrument and its 
shunt is 5 ohms, we have 


5 x 15 _ (M + R) 12-5 t 

1000 ~~ 1000 


from which we get R = 


75 - 13-75 


75 = 13-75 + 12-5R, 


61-25 


4-9 Q. 


12-5 


12-5 
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. o i_ • 15 12-5 2-5 

The current in S being---mA., we have 

1000 1000 1000 

s = 6^_ L 5^^5_ = J5 =3()i? 

1000 1000 2-5 

The damping resistance is therefore R D = 1*1 + 4-9 + 30 = 3612. 
The flux linkages are 

313 X 90 

57*3 492 x 10 4 onor 1A4 „ „ . 

-=-= 39-o5 x 10 4 Maxwell-turns. 

12-5 12-5 

1000 x 10 

The letters G and U stand for <Z> 0 and r in our notation. 

The damping constant will be 

^ __ _ (39-35 x 10 4 ) 2 = 43 x IQ 8 = 4>3 . 

~ R d “ 36 x 10 9 10 9 

we have therefore J a 2 
and the period is T = 

Example 18. “ What is meant by critical damping in a measuring 
instrument? Deduce from the equation of motion of a moving-coil 
meter, an expression for the effective resistance of the coil necessary 
for critical damping, taking all damping to be electromagnetic. 

“ The coil of a moving-coil meter has 100 turns, wound on a non¬ 
conducting former, its width being 2 cm. and its height 3 cm. It 
works in a constant field of 1170 lines per cm. 2 The moment of inertia 
of the moving parts is 5 gm.-cm. 2 , and the control spring produces 
a torque of 500 dyne-cm. per radian. Calculate (a) the current in the 
coil to produce a deflection of 120°, and ( b) the resistance of the coil 
to produce critical damping, assuming all damping to be electro¬ 
magnetic ” (University of London, Electr. Measur. and Measur. 
Instruments, B.Sc. Final, 1946, paper 1, question 8). 

The first part of the question can be answered from the text. 

The surface of the coil is S = 2 x 3 = 6 cm. 2 

The flux is & — 1170 X 6 = 7020 Maxwells (or lines). 

The flux linkages are & 0 = 7020 X 100 = 702000 Maxwell turns 
(line turns). 


= a /— — — \l'—— -— = 6-83 

\ J 4J 2 V 4-5 4 x (4-5) 2 

2 TT 2 7T 

-=-= 0-92 sec. 

a 2 6-83 



i 
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From xa = <2> 0 I> we get I = —— = 0-00149 e.m.c.g.s. 
& 57-3 X 702000 


units of current or 0-0149 amps. 

As all damping is electromagnetic, and as the former is nonconduc- 


tive, we have R 0 = 


0o 2 

2Vj7~ 


702000 2 

2 V500 x 5 x 10 9 


4-93/2. 


Example 19. “A moving coil reflecting galvanometer has a rect¬ 
angular coil of 750 turns wound upon a former of non-conducting 
material. The mean breadth of the coil is 1-3 cm. The effective depth 
of the coil is 4-5 cm. and it is situated in a radial air-gap in which the 
flux density is 1200 lines per cm. 2 

“ The current sensitivity of the instrument is 0-001 micro-ampere per 
millimetre at 1 metre, and the undamped period is 7 seconds. Calculate 
the control torque of the suspension, the moment of inertia of the 
coil and the total circuit resistance which just renders the instrument 
dead beat. The effect of air damping can be neglected ” (University 
of London Electr. Measur. and Measur. Instruments, B.Sc. Final, 
1944, paper 1, question 4). 

The question undoubtedly assumes that all damping, not only air 
damping, on open circuit is negligible. The expression “ just dead 
beat ” means critical conditions. 

The coil surface is S = 1*3 X 4*5 = 5-85 cm. 2 

The flux is 0 = 1200 X 5-85 = 7020 Maxwells. 

The flux linkages 0 O = 7020 x 750 = 52-6 X 10 5 . 


The theoretical current sensitivity is s = -i- x — = 0-5 X 10 7 

200 a p 

radians per e.m.c.g.s. units of current. 

_ mci x . -|3 52-6 x 10 5 x 0-5 X 10 7 X tt 11£)A 

From (72a) we get R c =-= 11*80 X 10 12 

7 

11*80 x 10 12 

e.m.c.g.s. units of resistance or - — - = 11-80 x 10 3 /2. 


10 9 

From (73) we get the torsion constant x = 


11*80 x 10 12 x 7 


(0*5 X 10 7 ) 2 ir 
1*052 dyne-cm. per radian ; and from (73a) we have 


11*80 x 10 12 X 7 3 
4 t r 3 X 0*25 X 10 14 


1-3 gm./cm. 2 


Example 20. “ Describe briefly one modem type of d.c. poten¬ 
tiometer suitable for precision, measurements, and suggest a method 
of using the potentiometer to calibrate a 300-volt d.c. voltmeter over 
the whole range. Assuming that the resistance of the moving-coil 
galvanometer used to indicate balance is proportional to the square 
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of the number of turns on the moving coil, deduce an expression for 
the resistance of the galvanometer to give maximum sensitivity when 
standardising the potentiometer with a standard cell of resistance 
R ohms ” (University of London. Electr. Measur. and Measur. Instru¬ 
ments, B.Sc. Final, 1943, paper 2, question 2). 

The first part of the question can be answered by reference to the 
text dealing with d.c. potentiometers. 



Consider fig. 62. Let AB be the potentiometer resistance, and a,a 
that part of it which balances the standard cell of internal resistance 
R. If i is the current in a,a, due to the unbalance only, then the 
resultant e.m.f. in e, G, a, a, e is e x = e — ir, where r is the resistance 
between a,a. We can look upon the circuit as having an e.m.f. e x of 
resistance R in series with the galvanometer of resistance, say, gSi 
per turn on the galvanometer coil. If the coil has n turns, the current 

in the circuit will be i x =---. The torque on the coil is r x = 

R + gn* 

xa = &nii which can be written r x = <Pn ---. 

R + gn* 

Differentiating with respect to n and equating to zero we get 

dx x (R + gn*) O x e — 0ne x 2gn _ 

Tn ~~ (R + gn*)* ~ 0 

or: R + gn* = 2 gn*, that is R = gn*. The torque, that is the 
sensitivity, is maximum when the galvanometer resistance is equal 
to the resistance of the standard cell. 
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Moving-magnet Galvanometers 


(7) The Tangent Galvanometer 

The principle is shown in fig. 63. 

A very small magnetic needle 
is placed in the centre of a 
circular coil of radius r. The 
suspension of raw silk (cocoon) 
is practically torsionless (torsion 
constant equal to zero). The 
plane of the coil is in the mag¬ 
netic meridian, so that the 
restoring torque is produced by 
the action of the earth’s field 
on the needle. 

When a current I passes through the coil, the needle will be deflected 
due to the magnetic action of the coil. 

The needle has to be small in order to have a magnetic field as 
constant as possible in the space occupied by the needle. 

Let the horizontal component of the earth’s field be H, and the 
magnetic moment of the needle M ; if a current I circulates through 
the coil of n turns, the field at the centre of the coil, that is the field 



acting on the needle, and due to the coil, is F = —~—, and the field 

, • 2 TT71 1 

per unit current in the coil is -= k, say. 

T 


c 



Owing to the action of the earth’s field 
and the field of the coil, the needle will 
deflect from its zero position AB to AC 
(fig. 64). 

The torque on the needle due to the 
current I is IAMcos.a, the torque due to 
the earth’s field HM^m.a ; and when the 
needle reaches the equilibrium position 
corresponding to I, we must have 


IAMtxw.a = HMain.a, that is, HM tan.a = AML 


As the deflections a are very small, we can write tan.a ^ a, so that 

i -r Ha kl 

HMa — AMI and I =-; a = —. 

k H 

When the needle is moving (before taking up its position correspond¬ 
ing to I) there will be a variation of flux through the coil, and therefore 
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an induced current in it; let this flux linkage variation be d& 0 for 
a variation of the angle da, and let the induced current be i 1} i x reacting 
on the needle will produce a torque kMi x co8.a. 

Again, as a is small, cos.a ^ 1, so that the torque is 
When the needle turns by da the work done is da, and this work 
has to be equal to the work of the electromagnetic forces i x d& 0 , so that 

AMI! da = tj d&o and JkM — = ^ . . . (78) 

dt dt 


W T hen a p.d. v is applied to the galvanometer coil of resistance R 
and inductance L we have 

d& 0 

R? 4 L--= v ; 

dt dt 

i is the instantaneous current in the coil; it is the sum of the injected 
current I and the current i 1 induced in the coil by the movement of the 
needle ; i = I + i v 

— being small compared with the angular speed —, we can neglect 
dt dt 

the term-, and write 

dt 


_ v __ d&p ^ _ jy_1_ d&p 

dt R R dt 

Putting in (79) the value of ^*° from (78), we get 

dt 


(79) 


R 


1 7 tv/t da 

- JcM - : 

R dt 


— ifcM —. 

R dt 


If the moment of inertia of the moving part relative to the suspension 
axis is J and the damping constant D v we have 


d < 2 


+ D, — + MHa = M&i, 
dt 


and substituting for i from (79) 


J 


J — + — + MHa = Mk — - 

dt 2 dt R 

d 2 a . /r\ i M 2 fc 2 \ da 

-h (D, -)-b MHa = 

d< 2 ' 1 R 'dt 


M 2 & 2 da 
R dt 

Mk — = MM. 
R 


This equation is similar to (43a) of the permanent-magnet moving- 
coil galvanometer, and the same solutions therefore apply. 

In the arrangement of fig. 63, the field created by the coil is not 
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Fig. 65 


uniform over all the space 
occupied by the needle ; a 
better arrangement is shown 
in fig. 65. 

Two coils of radius r each 
are used ; the distance be¬ 
tween the coils is exactly 
equal to their radius r, and 
the magnetic needle is in the 
centre between the coils. The 
field in the space occupied by 
the needle is much more uni¬ 
form than in fig. 63. 

It can be shown that the 
field in the centre o of fig. 65 is 


V 125 


7rnl 

r 


and the current I for a deflection a is 


I=Vl25rH V 125 rHa 

- tan. a —-. 

32 7T7i 32 irn 

(8) The Thomson or Kelvin Galvanometer 

In order to increase the sensitivity of the moving-magnet galvano¬ 
meter, and to make it independent of the earth’s field, which is variable 



Fig. 66 


D.C. GALVANOMETERS 135 

in time and space, the arrangement shown in fig. 66, designed by Lord 
Kelvin, is used. 

There are two magnets, or groups of magnets, disposed as shown ; 
each group of magnets is placed in the centre between a pair of coils 
(one pair of coils for one group of magnets alone can also be used). 

If the two groups of magnets are identical, the torque due to the 
earth’s field will act in opposite directions on each group, and the 
resultant torque will be zero ; the system is then said to be astatic. 

The permanent magnet NS provides the restoring torque, and by 
changing the position of this magnet relative to the two groups of 
magnetic needles, the sensitivity, as well as the zero position of the 
galvanometer, can be altered. 

The two groups of magnetic needles are stuck on discs of mica, 
damping is provided by a larger piece of mica. 

(9) The Broca Galvanometer 

The arrangement is shown in fig. 67. 

In order to diminish the inertia of the moving system, two thin 
long magnetic needles are disposed as shown. The needles have 
consequent poles ns , ns, as shown, in the centre between a pair of 
coils. The earth’s field acting on NS, has no effect. The permanent 
magnet N 2 S 2 acts on NjSj, providing the restoring torque, and by 
changing the position of N 2 S 2 the sensitivity as well as the zero 
position of the galvanometer can be altered. 

1 



□s. 


Fig. 67 



CHAPTER VI 


THE FLUXMETER 

The fluxmeter is a permanent-magnet moving-coil galvanometer, 
and in its essential parts similar to an ordinary permanent-magnet 
moving-coil galvanometer, except that its suspension has a torsion 
constant equal to zero, and the damping due to currents induced in 
the moving coil is very effective. The damping on open circuit is 
negligible. 

There are two types of fluxmeters. 

(1) The Industrial Type (Fig. 68) 

The moving part rests on a pivot or pivots ; the current is brought 
to the coil by a very thin silver wire wound in a wide spiral, the torsion 




Fig. 68 


torque of which is practically zero. There are no restoring springs. 
The instrument is provided with a pointer moving over a scale, 
provided with a mirror. The scale is graded in Maxwell-turns. 

(2) The Laboratory Type (Fig. 69) 

The coil is suspended by a thread of raw silk, of torsion constant 
zero. The current is brought to the coil by a silver wire wound in a 
spiral in the same way as in the industrial type. A mirror is attached 
to the suspension, and this mirror reflects light from a source on to 
a scale in the manner of the ordinary reflecting galvanometer. 

136 
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A fluxmeter once deflected will not come 
back to zero (or at least not for a fair time) 
as there is no restoring torque ; a mechanical 
arrangement is therefore provided by means 
of which the pointer, or the spot, can be 
brought back to zero. A measurement can 
of course be made from any position of the 
pointer or the spot, because deflection can be 
measured from any part on the scale. 

(3) Theory of the Fluxmeter 

The ballistic galvanometer is suitable for 
short time impulses, but for impulses last¬ 
ing an appreciable time—a quarter of a 
second to several seconds—it is of course 
quite unsuitable. The fluxmeter, however, 
owing to the absence of a controlling torque 
and strong damping by induced currents, 
can measure long impulses with a high 
degree of precision. 



Fig. 69 
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The mechanical equation of the fluxmeter is 

‘ J —- + D, — = 0 a i ■ . ■ -• • • (80) 

dt* dt 

J is the inertia, T> x the damping constant on open circuit, and 0 Q the 
flux linkages of the fluxmeter coil due to the permanent magnet 
within the poles of which the coil is placed. The term ra does not 
appear in the equation, because r is zero. 

Let us produce a discharge (impulse) in the fluxmeter by means of 
a change of flux in a coil connected to the fluxmeter, the arrangement 
being shown in fig. 70. 

The change of‘flux A0 X can be produced by moving a magnet near 
the coil. Let the fluxmeter resistance and inductance be r and l and 
that of the connected coil R and L, so that we can write : 


(R + r) i + (L + l) ^ = d Y l 

dt dt dt 


(80a) 


As soon as the external field starts changing, the fluxmeter starts 
moving. It will stop practically instantaneously when the change 
stops, because of its very effective damping by induced currents. 
Integrating (80a) between the time t = O^bpginning of the change of 
flux, to t = t, end of the change, we get 

/ t ft rt da ft 

idt -j- (L ~j~ l) I di I 0 O — — J d0±. 

O Jo Jo dt JO 

The term (L + 0 J di is zero because the current i is zero at t = O, 
and at t = t (assuming that the fluxmeter stops instantaneously when 
the change stops); the term (R + r)j ^ idt = (R + r) q, where q is the 
quantity of electricity which passed through the fluxmeter, so that 
(R + r) q + 0o (a — a 0 ) = A0 X .... (81) 


(a — a 0 ) is the deflection of the pointer or the spot from its position 
a 0 at t — O, to a at t = t. 

From (81) we get q = A<t>1 — — (a — ao) . . (82) 

• R + r 

We see that, under the assumptions made, L and l do not have to 
be taken into account. Integrating (80) between t = O and t = t, we 
have 
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r r ^Ak-cpJ 1 idt 

J Q dt> 1 J Q dt Jo 


r da 1( 


dt 


+ D x (a — a 0 ) = 0 O q. 
10 


da 


As — = 0 at t = 0 and at t == t, the term containing J becomes zero, 
dt 


and D x (a — a 0 ) — & 0 q 
Substituting for q from (82) 
z!0 x 


(82a) 


D x (a — a 0 ) = <Po [- 
(a - a 0 ) [ 


A&! = (a — a 0 ) £ 


<Pq (a — a 0 ) | . 


R + r 

O x (R “h t) -j- 0 o 2 l_0o A&i 

J “ R ~+r 


R + r 


and 


D x (R -f- r) j- 0 o 2 i 

0o 


( 83 ) 


The instrument deflection is therefore a measure of the change of 
flux produced. 

The open-circuit damping can in a good fluxmeter be neglected, so 
that if R -f r is not too great the term D x (R + r) is negligible and 
(83) becomes 


A&! = 0 O (a — a 0 ).(84) 

As 0 O is constant (with usual deflections), the instrument deflection 
gives directly the change of flux produced. 

a and a 0 are in radians. In a fluxmeter provided with scale and 
pointer, the scale is graded in Maxwell-turns, and if one division 
corresponds to k linkages (84) becomes 

A& 1 — (m — m 0 ) k .(84a) 

where m and m 0 are the divisions shown by the pointer at the time 
t = O and t = t. 

It follows from 82 that the quantity of electricity q, which passed 
through the fluxmeter, is very siftall; in fact, if D x is negligible, we 
get from (82a) 0 O q = O; that is, the quantity of electricity passed 
through the fluxmeter is zero. / 

There is nothing surprising in this, for imagine a d.c. motor with 
no losses whatever and negligible inertia. As soon as an e.m.f. is 
applied to this motor it will immediately attain its normal speed, and 
as there are no losses, there will be no current flowing, the back e.m.f. 
da 

0 O — exactly balancing the applied e.m.f. 
dt 

If (84) is to be true, the fluxmeter has to comply with the following 
conditions: 
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(а) Having no restoring torque. 

(б) Having a negligible open-circuit damping. 

(c) Having a very strong damping by induced currents, the total 
resistance of the fluxmeter circuit (fluxmeter coil plus external circuit) 
should normally not exceed 20 to 30 ohms. 

(d) The fluxmeter should follow all changes of impulse instant¬ 
aneously ; its inertia should therefore be small. 


As regards condition ( d ), it is evident that the fluxmeter cannot 
start and stop instantaneously, and it cannot immediately respond to 
all changes in the impulse received. The fluxmeter is used for measuring 
impulses such as the charge and discharge of a condenser, reversal or 
change of a magnetic field. It is assumed that what is lost by acceler¬ 
ating the fluxmeter at the beginning of the impulse is regained when 
the acceleration is negative and the moving part of the fluxmeter 
comes to rest. 

Let us supply to the fluxmeter a small steady e.m.f. E, let the total 
fluxmeter circuit resistance be Rj and its total inductance L x . Let 
0 O be the flux linkages of the moving coil. 

Neglecting the open circuit damping, we can write : 


da 


d 2 a . . 

J —-— — 0o 

dt 2 


and writing — = co — angular speed of the coil, we get 
dt 


r da) 


dt 

We also have 


<P 0 i) i 


J do di __ J d 2 (o 
0 O dt ’ dt 0 O dt 2 ' 


di 


Rj i + Lj- f- 0o^ = E 

dt 

Combining (85) and (86), we get: 

?iI^ + IliI^ + $ oCy = E; 

<P 0 dt <Po dt* 

(Li J) — + (Rj J) — + 3>*o co = E 0 O 
dt 2 dt 


(85) 


( 86 ) 


(87) 


When the fluxmeter coil is moving at constant speed to, —*and 

E dt dt * 

are both zero, so that co — o> 0 = — is a particular solution of (87). 

<Po 

During the positive acceleration period, the solution of (87) is added 
to the solution of 
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(Ll J)^ + (R x J)y + 0 o *a> = O 
at 2 at 

The solution of (87) is 


where 


( 88 ) 


> = ft»c -f- 

Ae 

Plt +Be Pit 

* 


# 

(88a) 

R t J 

1 

1 (R 1 J ) 2 

0o 2 __ 

_«L + 

/R t 2 

0 O 2 

2L, J 

\ 

V 4 (L, J) 2 

| F 

1 

2L 1 + i 

V 4L X 2 

L, J 

R t J 


/ (R 1 J ) 2 

0O 2 _ 

_ R^_ _ 

/ R 1 2 

0 o 2 

2L X J 


V 4 (L, J) 2 

L, J 

2L, ^ 

V 4L, 2 

L, J 


The constants in the fluxmeter circuit are such that the conditions 
are non-oscillatory ; that is, we have 

iy j 2 0o 2 . iy <zy 

4iy J 2 > L x j’ 4Li J 

At the time t — 0 we have co = 0 and — = 0, so that 

dt 

0 = co c + A + B; A = — co c — B ; B = — o c — A (89) 

Differentiating (88a), we get : — == p 1 Ae^ 1 * -f P 2 \ which 

dt 

for t = O becomes 


0 = p x A + p 2 B ; p x A = - p 2 B 
Combining (89) and (90), we have 


(90) 


A = 


P 2 


V 1 - P 2 
(88a) can therefore be written : 
P2 


o)c ; B 


Pi 


CO — COq 


Pi 1 

a) c e ri — 


Pi 


Pi ~ P2 

V4 


co c 


co c e 


(91) 


Pi - P2 ^1 - P 2 

When the external e.m.f. E ceases to act, we have 

Li J--f- Rj J — 0 o co — O 

1 dt 2 dt 

the solution of which is 

(o = A 1 <? lt +B 1 e Pit .(92) 

Counting the time from the instant the e.m.f. E ceases, we shall 
have at t = 0 ; co = co Q and 
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o)q — Aj “j- B| i Aj — cd c — Bj j Bj — (oc — A, . 
Differentiating (92), we get 

* cUo . p l t -o Pi* 

37 = Pi A/ + 2*8 B x e , 

tit 

which for t = 0 becomes 

o = 2>! A x + B x ; Pi A t = - p 2 B x 
Combining (93) with (94) we have 

Aj = — (———) co c ; Bj = (———) co c , 


so that (92) can be written 
co = 


P2 Vl * 

co c e - 


Vi 


Vi “ V2 


Vi-Vz 


co c e 


- Pa 7 
V4 


( 93 ) 


(94) 


(95) 


Considering (91) and (95), we see that what is lost in accelerating 
the fluxmeter is regained when the acceleration becomes negative 
and the fluxmeter coil stops moving. 

When the time during which the e.m.f. is applied is very small, or' 4 
when the impulse given to the fluxmeter is highly irregular, then, 
owing to the inductance of the fluxmeter circuit, the rate of increase 
and decrease of the fluxmeter current will affect the result. The loss 
in accelerating the fluxmeter will not be balanced by the gain when 
the acceleration is negative, so that, there is a lower limit, depending 
on the circuit constants, below which the fluxmeter is not true. 

Again, the time of the impulse, due to the friction in the fluxmeter 
(open circuit damping), should not be too long. It may happen that the 
impulse is too weak (charge and discharge of a condenser through a 
high enough resistance), to move the fluxmeter, because of its friction. 
The error caused by friction is especially important when the impulse 
is irregular (resulting in stopping and producing violent changes in 
the angular speed during the impulse). 

It has to be remembered that even if the impulse is regular and 
within the right time limits, we still have to calibrate and use the 
fluxmeter, in such conditions that we may neglect the open-circuit 
damping. 


(4) The Shunted Fluxmeter 

The arrangement is shown in fig. 71. 

The fluxmeter F of resistance r and inductance l is shunted by the 
resistance ; L and R are the resistance and inductance of the coil 
through which a change of flux is produced. We can write 
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R (i + i x ) + L d - — + Rj h = 

at at 

. , Idi , , da ^ . # 

n + 0° = R 1 Zl# 

at at 



Integrating between t = 0 beginning of change of flux to t = t 
end of change, we have 

(i ~\~ tj) dt -}“ LjJ d (i -J~ ij) -|" I^i j H dt = 
rf idt-{-£,[ di + <P 0 (a — a 0 ) = 

'0 -/o 

The terms containing L and l are equal to zero, and writing 
j* {i + ii) dt = Q ; dt = q x \ j^idt = <j, we get 


RQ + R x g x ~ A0 X ; rq + & 0 {a — a 0 ) = R x ^x . (96) 

and as 

Q = 0i + 0J 0i + ®»i) + ®0 = . 


(97) 
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multiplying (56) by R -f Ri and (97) by R x ; (R + R x ) rq + 
0 O (a — a 0 ) (®*rf- Ri) — Ri q\ (R + Ri) 

R Ri q — R^ A0\ = — R x q± (R ~{~ Rx)* 

Adding, we%et (R + RJ rq + <2> 0 (a — a 0 ) (R + Rx) + RR^ = 
Rx A0 V 

/R t -[* Rx t -f- R R x \ , v Rx a jl 

« (—r-+-rT~ ) +0 ° {a ~ “ o) = rTSI A0 ‘' m 

r ! JE L +R 1 ) ^Ri_i _Rj- A0 

R + Rx R + Rx J R + Rx 

The quantity in brackets is the resistance of the fluxmeter plus the 
resistance R 2 in shunt with R, relative to the fluxmeter. 

R R 

Writing r -|-— = R T) we get 

R -f* Rx 

gRx + <Po (a - a«) = —• • • (98) 

R -f- K, 

A U (ct o. ) 

As we have D (a — a 0 ) = 0 o ?. then o --—, substituting 

0 O 

this value of q in (98), we have 

~^(a — a 0 ) + 0 O (a - a 0 ) = ^0i —— — ; 

&o R -f- Rx 


(a _ a ) ( Dfc-t . ^° 2 ) = _HL_ 

' 0 O ' R + Rj 

. , /DR t -f" 0o 2 \ R "h Rx 

Therefore x — (a — a 0 ) (—-)- 

V 0 > R t 

As we can neglect DR^, we have approximately 

(a — a 0 ) <P 0 ——— = zl0x . . . . (98a) 

Rx 

while, when the fluxmeter was not shunted, we had (a — a 0 ) &o — A& v 


1 ■ A0 1 . 
1 R + Rx 


(5) Calibration of the Fluxmeter and Determination of the Limit of the 
Fluxmeter Circuit Resistance 

Two arrangements for the purpose are shown in figs. 72 and 73. 

Fig. 72. The ring of non-magnetic material, of section S cm. 2 and 
mean diameter D cm., has a uniform primary winding of Nx turns. 
The current is brought to the primary from the source E through the 
ammeter A, rheostat Rh reversing switch k 2 and switch k v The 
secondary winding on the ring is of N 2 turns and resistance R ; it is 
connected to the fluxmeter F, of resistance r, through the variable 
resistance R x . 
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Fig. 72 


When the current I x flows through the primary, the magneto-motive 

force is H l = -■ ^ 1 — , where / = 7 tD. 

10 

The flux through the ring is therefore 0 = HS = — • S. 

10 / 

Making or breaking k v we get a change of flux linkages through the 

i /xt 47tN 1 1 1 SN 2 a - 

secondary (N 2 0) = -^-- = zl#!. 

We know that if the resistance of the fluxmeter circuit is not too 
great, we shall have 

A r - 47tN 1 I 1 SN 2 7 , x 

A0 1 —--—--- = 1c (m — m 0 ), 

1 10 / 

or when starting from zero of the fluxmeter scale (m 0 = 0). 

.. 4 77 N j I x S N 2 j 

A0 X =-1—1-^ = km 

10 / 


where k is a constant and equal to the number of Maxwell turns per 
division of the fluxmeter scale. 

Fig. 73. Here we use a standard mutual inductance M, the primary 
and secondary of which are connected as shown. The resistance of the 
secondary is R. 

The flux linkages through the secondary caused by unit current in 
the primary are equal to M, and as M is given in Henrys, these flux 
linkages will be M x 10 9 in the e.m.c.g.s. system, so that when a 

K 
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current I is established or stopped by means of k x in the primary the 

secondary flu^ linkages are M x 10 9 x — = M X 10 8 , where I x is 


A0 MI 10 8 

in amps. We then have k —-— = -— -, or, when starting 

m — m 0 m — m 0 

- ^ 7 MlilO 8 

from 0, k =.-.. 


ra 


(99) 


When determining k by the arrangements shown, R should be zero. 



The fluxmeter has to be calibrated over the whole scale on both 
sides of the zero. After the first making of k x (I t established, deflection 
arrived at ra), the fluxmeter should not be brought to zero but dis¬ 
connected by opening k z . Then I x is interrupted by opening k v Then 
k z is closed, and the current again established, giving m 1 as the new 
deflection. For the same current in the primary we should find that 
m 1 = ra. Having checked the whole of the scale, reverse the direction 
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of I, by means of k i} and repeat the experiment over the other half 
of the scale. 

The resistance in the fluxmeter circuit should not exceed 20 to 30 ohms. 

Calculation of the Systematic Error. It is evident that the 
arrangement of fig. 73 is preferable to that of fig. 72, because its error 
should be smaller. 

The logarithmic differential of (99) is 

dW _ dM' dl£ dm' 

V ~~ M' + 1/ m! ’ 

and the relative error 

AV _ AW AY Am 9 

h’ ~ M' r m* 

I should be measured by a potentiometer, or at least by a substandard 
ammeter. 

AW is the constructional error on M, AY v the constructional 
plus the reading error on l v and Am’ the reading error on the 
fluxmeter. 

To find the value of the resistance R + R x beyond which the 
calibration will not hold, we use the arrangement of fig. 73 or 72 ; 
with a fixed current, say, I 1 , giving when established a deflection m x . 
We start with R x = O and increase it gradually, establishing the 
current I for each value of R x . It will be found that above a certain 
value of R x , say, R 1L , the deflection n will decrease. The limit of the 
fluxmeter circuit resistance, beyond which the instrument should not 
be used in subsequent applications, is R L = R 1L + r. 

(6) Charge and Discharge of a Condenser through the Fluxmeter : 
Measurement of a Quantity of Electricity or of a Capacity 

The arrangement is shown in fig. 74. 

F is the fluxmeter of resistance r and inductance l ; F is connected 
across R x ; R x + r should not exceed 20 to 30 ohms ; E is the source 
of e.m.f. E ; C a standard condenser ; and R a variable resistance, 
high enough appreciably to change by its variation the time of charge 
or discharge of C. 

Making 1-2, the condenser is charging ; making 1-3, it is discharging. 
Each discharge will produce a deflection away from zero and each 
charge bring the pointer back to the zero position. When a charge or 
discharge starts, the fluxmeter begins to move ; it stops when the 
charge or discharge finishes. 

With the notations of fig. 74, we have ri -f — + & 0 — = R x (I — i) y 

dt dt 
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and integrating between the time t — 0, beginning of charge or dis¬ 
charge, and t — t, end of charge or discharge, 

rf idt + if di+f& 0 ^ = R 1 f (I - i) dt. 

Jo Jo J 0 dt J 0 

The term containing l being zero, we get 
rq + 0 O (a — a 0 ) = R X Q — Rtf ; &o(a — a 0 ) = RiQ — q (Ri + r )> 
where Q is the total charge of the condenser and q the charge passed 
through the fluxmeter. 



We have seen, however, that in a good fluxmeter we have q = 0 ; 
therefore we can write 0 O (a — a 0 ) = RiQ ; Q = — ; or in 

Ri 

terms of the fluxmeter scale constant (the number of Maxwell-turns 

.... x n k(m — m 0 ) 
per division) Q =-. 

Ri 

But Q = CE, so that CE = - -lit • and as C is in farads, 


R in ohms, and E in volts, CE 


Ri 

k(m — m 0 ) 
RjlO 8 


We could therefore measure a charge Q, a capacity C, or an e.m.f. E, 
with the aid of the fluxmeter. 
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(7) Determination of the Effect of the Time of Charge or Discharge, or 
the Effect of Friction in the Fluxmeter 

With the arrangement of fig. 74, starting from a small value of R, 
the condenser is charged and discharged while R is gradually increased. 
At a certain value of R, say, R L2 , the deflection will start decreasing. 

If the condenser is not leaky this diminishing of the deflection is 
due mainly to D 1 (R x + r). 

If the condenser is discharging slowly, the impulse at the end of 
charge or discharge is too small to overcome the instrument friction. 
In fact, some energy is lost in ir 2 or heating the fluxmeter coil, but i 
being small this loss of energy is obviously negligible. 

Having found R L2 , we can calculate the time constant C (R L2 + Hi) 
for which the deflection starts altering. The experiment should be 
repeated for different values of C, so that in the subsequent use of 
the fluxmeter the time constant will be known for condensers of 
varying capacities. 

Note that when the condenser is leaky, leakage will to a certain 
extent influence m, so that only very good condensers ought to be 
used for the check above. 

Ri should not be greater than the value R 1L found in the calibra¬ 
tion experiment. 



Fig. 75 
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(8) The Flazmeter Used as a Clock 

If we apply to the fluxmeter of resistance r and inductance l a con¬ 
stant e.m.f. E, for a time t , we can write 

—- -f- 0q — = E and v f idt -{-if di - f- 0q (ct — Go) — E f dt . 
dt dt J 0 •'O J 0 

Or rq + & 0 (a — a 0 ) = E t ; and as q = 0, we get 
0o (a — a 0 ) — Jc (m — m 0 ) = Rt. 

If we know E, the fluxmeter deflection will give us the time t. 

An arrangement whereby the time during which the contacts of a 
relay remain closed can be measured is shown in fig. 75. 

1 and 2 are the relay contacts. The p.d. across R x should not exceed 
1 X 10" 8 to 5 x 10“ 4 volts, dependent on the fluxmeter used. The 
resistance R x plus the fluxmeter resistance should not exceed Rj, 
(about 20 to 30 ohms), and R should be high enough to give the desired 
p.d. across R t with E between 1 to 2 volts. 

The current in the fluxmeter being always zero, under the assump¬ 
tions of the fluxmeter theory we can write 

ER 

E = (R + R t ) i ; ERj = (R + R x ) R,i ; iR, = e =- 

R -f* Rj 

As soon as the relay contacts close, the fluxmeter starts moving. 
It stops when the relay contacts open, and we have 

< = x 10 _g seconds 

R^ 

R -|- Rj 

^Example 21. “Derive an expression in terms of the angular 
movement of the suspended coil of a fluxmeter, for the change of 
magnetic flux through a search coil of T turns connected to the meter. 
The total resistance of the whole circuit, moving coil and search coil 
is R, and the total self inductance L. The moving coil consists of N 
turns each of area A suspended in a uniform field B ” (University of 
London, Electr. Measur. and Measur. Instruments, B.Sc. Final, 1947, 
paper 1, question 1). 

We have 0 O — ANB ; the total change of flux through the search 
Coil is A0i = 0T, so that we can write : 

Ri + L — + AN = T ; integrating, 
dt dt dt 


Rq + ANB (a - a 0 ) = T A0 = A0 X 


( 100 ) 
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We have also D x (a — a 0 ) = ANBg ; q = ^ — ——; and sub- 

ANB 

stituting for q in (100), 

+ ANB (a - a Q ) = A&T = A &,; 

ANB 

(a — a 0 ) [ — 1 + ( ANB ) 2 1 = T A<P = A& v therefore 
L ANB J 

A<p = ~ a °) [ RI) i + (ANB) 2 i 

T L ANB J* 

Example 22. “ Describe the construction of a fluxmeter and find 
the relation between the deflection and the change of flux-linkages 
in the coil to which the fluxmeter is connected. 

“ An iron ring having a mean diameter of 25 cm. and a cross- 
sectional area of 3 cm. 2 has a primary winding of 150 turns. The 
secondary winding of 50 turns is connected to a fluxmeter having a 
constant of 10,000 Maxwell-turns per division. A deflection of 30 



divisions is obtained when a current of 1*5 amperes is reversed in the 
primary. Calculate the permeability of the iron. Is it essential that 
the windings should be wound uniformly around the ring? ” (Univer¬ 
sity of London, Electr. Measur. and Measur. Instruments, B.Sc. Final, 
1946, Internal, paper 2, question 2). 
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The first part of the question can be answered by reference to the 
text. 

The arrangement for the test as described in the question is shown 
in fig. 76. 

The total change in flux linkages is A0± — 10000 X 30 = 300000 
Maxwell-turns. As A0 X = 2SBN, because the current in the primary 

is reversed we have B — ——— = 1000 Gauss. 

2 x 50 x 3 

The magnetomotive force in the ring is given by 

4ttNI , tt 4tt X 150 X 1*5 „ , , 

H/ =-and H =-= 3-6 oersted. 

10 10 X tt x 25 

The permeability of the ring is therefore 



= 278. 
3-6 


It is essential that N x should be wound uniformly round the ring, 
because then there is no leakage between any two points of the ring 
and all the flux is the same in all the sections of the ring. It is not 
essential that N 2 should be wound uniformly, because if the flux is 
the same in all sections of the ring to begin with, we start with an 
induction + B and finish with an induction — B, so that the answer 
must be correct. The fluxmeter current, being negligible, cannot 
affect the flux in the ring. 

Example 23. “ Derive, from the equation of motion, an expres¬ 
sion for the sensitivity of a fluxmeter. 

“ Explain, with the aid of the result obtained, why for low values 
of the search coil resistance the sensitivity of the instrument is sub¬ 
stantially independent of the value of this resistance ” (University of 
London, Electr. Measur. and Measur. Instruments, B.Sc. Final, 1944, 
Internal, paper 2, question 8). 

As we have (a — a 0 ) [D x (R + r) + 0 O 2 ] = A0 1 0 o (from (83) ). 
The sensitivity will be given by 


a - «o ___ 0o _^ J_ 

A0 X J) l (R + r) + 0 O 2 0o 


because, D x being small, if r and R are small, the term T> x (R + r) 
can be neglected, and the sensitivity is independent of R and inversely 
proportional to 0 O . 

This is understandable, because the smaller the number of flux 
linkages of the moving coil, the greater will be the deflection for a 
given impulsp. As in a d.c. motor, the smaller the excitation provided 
the higher the speed of the motor. 
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PERMANENT-MAGNET MOVING-COIL AMMETERS AND VOLTMETERS 

The arrangement of the essential parts of an ammeter or voltmeter 
is shown in fig. 46. 

(1) Ammeters 

An ammeter being connected in series in the circuit where the 
current is measured should produce as small a potential drop as 
possible ; its resistance ought therefore to be small. 

The current sensitivity of a galvanometer is, as we have seen, 

a @o HSn 


H being the field in the airgap where the coil is located, S the coil 
section, and n the number of coil turns. 

The coil resistance 

R = Q-n .(101) 

s is the area of the wire the coil is made of, l the average length 
of one turn, and q the resistivity. 

The volume of the coil, without insulation, will be 

v = nls . . . . . . . . (102) 


Combining (101) and (102), we have R — 7 —~-- 

Therefore, for a given volume and dimensions of the coil, that is, 
for a given airgap, and also for a given flux in the airgap, the sensi¬ 
tivity increases as the number of turns on the coil, while the resist¬ 
ance increases as the square of the number of turns. It follows that 
a galvanometer used as an ammeter ought to have a fairly high resist¬ 
ance. Naturally the coil has to be made of a metal of good conduc¬ 
tivity (copper), because the number of turns will be greater for a given 
resistance than with a metal of low conductivity. 

(a) The Practical Sensitivity of an Ammeter. This will be defined 
as the current in amps necessary to deflect the pointer by one scale 
division. 
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Examples of galvanometers used as ammeters. 


No. of scale 
divisions 

Current for total 
scale deflection 
in amps 

Resistance of coil 
and springs ohms 

p.d. across 
instr. 

sensitivity 

pract. 

100 

0 00002 

800 

0-016 

2 X lO’ 7 

100 

0-00005 

160 

0008 

1 

5 x lO" 7 

100 

0000075 

100 

0-0075 

7-5 x lO' 7 

100 

0001 

1 10 

! o-oi 

1 

1 X lO' 6 

100 

005 

i 

1 

j 0-05 

5 X 10“ 4 


In order to measure currents higher than the coil can carry and 
also not to introduce too high a potential drop in the circuit, shunts 
or resistances connected in parallel with the instrument are used. 

(6) Ammeter Shunts. Shunts are four-terminal low resistances, 
usually made of strip manganin (84% copper, 4% nickel, 12% man¬ 
ganese) terminating in heavy copper blocks, as shown in fig. 77. The 



current is brought in through the terminals a,a ; the instrument is 
connected to 6,6. The total current to be measured divides into i 
and I — i, the major part of the current flowing through the shunt. 
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The shunt, if made of copper, would be too bulky. The reason it 
is made of manganin is that this alloy has an extremely small tem¬ 
perature coefficient (about 2 x 10" 5 per °C), and its thermal e.m.f. 
with copper is only 1 X 10” 6 volt per °C. The resistivity of manganin 
is about 42 //ohm at 18°C. 

Consider fig. 78. Let the instrument resistance be r and that of 
the shunt S. With the notation of the diagram we have 

S (I -i) = n; SI = i (r + S); l = i. 

S 

The ratio of the total current I to the current in the instrument is 


I 

i 


r + S 
8 


= m. 


m is called the multiplying factor of the shunt. 


As 




we get S (m — 


i) 


r,S = 


r 


m — 1 


A shunt should indicate the total 
current I for full-scale deflection of the 
instrument, the p.d. across the shunt 
for full-scale deflection of the instru¬ 
ment, or the resistance of the instrument 
with the shunt in parallel. 

Example 24. The resistance of an 
ammeter coil, springs and leads to shunt, is 0*8 ohm ; the coil current 
for total scale deflection is 50 milli-amperes. What is the resistance 
and the particulars given on the shunt for a circuit current of 10 
amps? 

The p.d. across the shunt for full-scale deflection (marked on the 

, 50X0*8 AA . 

shunt) is-= 0-04 v. 

1000 

Or the indication on the shunt can be the total resistance of shunt 



AAAA/VWWV\A 

Fig. 78 


and instrument, which is j - — = 0 00413. 

The other indication on the shunt will be 10 amps. 


The shunt multiplying power is m = = 10 -r—= 200 ; the 

t ^ 0*8 

shunt resistance is therefore S =-=-= 0*00402/3. 

m — 1 200 — 1 

It is evident that the connecting wires, or leads, from shunt to 
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instrument, are calibrated with the instrument and should not generally 
be interchanged with those belonging to other instruments. 

(c) Ammeters of Several Sensitivities. When several sensitivities 
are required, for example full-scale deflections of 1 , 10 , 100 amps, 
several shunts are used ; one for each sensitivity. Let the circuit 
currents for full-scale deflection be I lf I 2 , I 3 , and i the current in the 
ammeter coil; the multiplying powers of the required shunts will be 


I, r + Si 


I 2 

r 

-f~ S 2 

a - 7Y) „ 


+ s 3 

i Si 

- fit j 

L) ~ 

l 


- 1,1 9) 

s 2 

i 

S 3 

Considering the 

ratios of 

the 

multiplying 

powers 


m 1 


r + 

Si_. 

. r-l-S, 

r + S x 


m 2 

I 2 

s, 

L 

s. 

r + S 2 

Si* 

m 2 __ 

I._ 

. r + 


. r + S, 

r + S 2 

S 3 

v _- 

m 3 

13 

s, 

2 

’ S 3 

r + S 3 

So 


we see that these ratios depend on the ammeter resistance r. 

(d) The Universal Shunt. 
The ratios of the multiplying 
powers can be made indepen¬ 
dent of r by the use of the 
universal shunt, the arrange¬ 
ment of which is shown in 
fig. 79. 

The whole shunt is composed 
of several resistances S ls S 2 , 
S 3 , S 4 , . . . When the sliding 
contact SI, is at 1, the total 
circuit current for full-scale 
deflection is, say, I x ; when at 
2, it is I 2 ; when at 3, I 3 ; 
when at 4, I 4 . 

With the sliding contact at 
1 the resistance in series with 
r is S 2 + S 3 + S 4 and r + S 2 
+ S 3 + S 4 is shunted by S v 
so that the multiplying power of the shunt is 

™ __ ^1 __ $2 + S 3 + S 4 + T + 
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When the sliding contact is at 2, the resistance in series with r is 
S 3 + S 4 , and S 3 + S 4 + r is shunted by S x + S 2 , so that 

w I S 3 + s 4 + f + (B, + S,) 
i 8 , + S, . 

Similarly, at 3 we have 



S 4 + r 4~ (Si + S 2 + S 3 ) 

s x + s 2 + s 3 


And at 4 


m = JL — r + (Si + S 2 + S 3 + S 4 ) 
i Si + S 2 + S 3 f- S 4 
The ratios of the multiplying powers are 

S 2 + S 3 + S 4 -f- r + (Si) S 3 + S 4 -f- r -f- (Si + S 2 ) _ S x + S 2 
m 2 Si Si + S 2 Si 

_ Si + S 2 -f- S 3 _ Si + S 2 + S 3 + S 4 
m 3 Si + S 2 Si + S 2 + S 3 

all these ratios being independent of r. 


(e) Correction of Temperature Effect. The resistance of a con¬ 
ductor is given at some standard temperature, say, 0°C, or 20 °C, or 
some other temperature. Over moderate ranges of temperature, say 
between 0 °C and 100 °C, the resistance is directly proportional to the 
change of temperature. If the resistance of the conductor is R 0 at 
0 °C, it will be, at a temperature t (within the limited range indicated) 

R t - R 0 [1 + a 0 t] .(103) 

a 0 is the resistance temperature coefficient of the given conductor, 
referred to the temperature 0 °C. 

If the reference temperature is not zero, but some other tempera¬ 
ture, say, t v then the resistance of the conductor at the temperature 
t is R t = R t i [1 + a tx (t — Jj)], where a tl is the temperature coeffi¬ 
cient of resistance of the given conductor referred to the temperature t v 
ati is n °f the same as a 0 , and is given by 

Ro a 0 R 0 1 

Rti Ro (1 + Ooh) l , . 

— I r l 
ci o 

(103) takes no account of the linear expansion (change of dimen¬ 
sions of the conductor due to the change in temperature). If Q tl is the 
resistivity of a conductor at the temperature t v then its resistivity 
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at the temperature t will be, when taking into account the linear 
expansion, £ t «= p tl [1 + /? tl (t — t^]. /3 tl is the temperature co¬ 
efficient at constant mass. 

We have /3 t i = otti -h y ; y being the coefficient of linear expansion, 
but as y is generally very small compared with a tl we have /? tl = ati; 
therefore (103) is very nearly true. 

For industrial copper a 0 = 42*7 x 10" 4 , while y = 17 x 10" 4 . 

As Otj for copper at 15°C, which is an average laboratory tempera¬ 
ture, is about 0*004, if the temperature rises, say, by 1°C, the increase 
in resistance in the coil of an ammeter will be 

I^ie Ru == ^15 [1 d" 0*004] — R 16 = 0*004R 15 , 
that is, 0*4% per °C, the current in the coil will also vary, and decrease 
by 0*4% °C (neglecting the temperature coefficient of the manganin 
shunt). This variation being far too great for laboratory instruments, 
special arrangements have to be made in order to lessen this variation. 

(/) Arrangements for Temperature Effect Correction. The 
first arrangement is shown in fig. 80. 



A resistance R x of manganin is connected in series with the ammeter 
coil of resistance r (coil and springs), the two being connected across 
the shunt S. 

Let Ri = kr, where & is a constant (at the normal temperature). 
Neglecting the temperature coefficient of magnanin, for a tempera¬ 
ture rise of 1 °C from 15°C, the increase in resistance of R x + r will 
be kr + 1*004 r — r — kr = 0*004r and the percentage increase will 


, 0*004r 0*4 . 

be —— r- X 100 = —r —7 % 


r + kr * ” 1 + k 

If, say, r = R x ; that is, k = 1 ; the percentage increase per °C 
0*4 

will be-= 0*2% instead of 0*4% when R x is not present. 

2 


The resistance Rx is sometimes called the swamping resistance ; 
k is very often equal to 1 , the increase of resistance is then one-half 
of what it would be without R x . We could get a better correction if 
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k were greater than 1, but then for the same ammeter sensitivity 
(same r and same number of turns on the coil), the p.d. across the 
instrument would be too great. 

The arrangement of fig. 80 not being good enough for a precision 
ammeter, a better arrangement is shown in fig. 81. 



R 1? R, and S are of manganin ; r is the resistance of the ammeter 
toil; R 2 is of copper. 

If the temperature varies, increasing, for example, then the 
resistance of r and R 2 increase ; the currents i and i t decrease ; the 
p.d. across R decreases ; and as the drop across S is practically 
constant, the p.d. across r + R L increases ; there is therefore a certain 
compensation for the increase in resistance. 

To facilitate the calculation, assume r = Rj, R 2 = R = 2r at 
15°C ; then at this temperature the resistance across a,a (fig. 81) 


will be —-= r and the resistance across a, c is r + 2r = 3r. 

2 r + 2 r 

S S 

The current in R is i 4- — I-and i = i, — I -. 

S + 3r 2(S + 3r) 

Suppose now that the temperature has risen by 1°C ; the coil 
resistance becomes r n = l-004r ; R 2 becomes R na = 2-008r ; while 
R 1? R and S remain the same if we neglect the temperature coeffi¬ 
cient of manganin. 


The resistance across a,a is now 


2-004r x 2*008r 
2-004r + 2*008r 


l*Q03r, the 


resistance across a,c becomes 2r + l-003r == 3-003r. 

The currents i and i 1 now become i n and t in , and assuming that the 
total current I has not changed, we have 
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in + *in = I 


S 

S -f 3-003r 


ana i n = (t'n + im) X 


2-008r 

2008r + 2-004r 


IS 2 008r 

S + 3-003r 4-012r' 

The ratio of the altered current i n to the current i is therefore 


in ^ IS x 2-008r ^ IS ^ 4-016S + 12-0487- 

i ~ (S + 3-003r) x 4-012r ' 2 (S + 3r) ~ 4-012S + 12-048r' 


If we had a multiplying power of the shunt 


7/i = t = 10, that is, S = — 
i m 



we have then 


i 


4-016 -• 9 x 12-04S = U2448 
4 012 + 9 X 12 048 112-444 


the change in current is therefore 0-0035% per °C, which is quite 
negligible if the temperature changes are normal. 


(2) Voltmeters 

(а) Practical Sensitivity of a Voltmeter. We define the practical 
sensitivity of the voltmeter as the voltage across the instrument 
required to deflect the pointer by one division of the scale. 

We have seen that the theoretical volt sensitivity is 

a a HSn, . „ nl a HSns HS s 

- == -—-- and as R = — o, we get - =-=- X —. 

v IR Rr a v xtiIq x Iq 

The sensitivity is proportional to s and inversely proportional to 
l and q whilst being of course proportional to n. A galvanometer 
used as a voltmeter has therefore to have a small resistance, and as 
a voltmeter is connected across a circuit (or part of a circuit), the 
voltage of which is to be measured, the voltmeter has to have a high 
resistance in order to take a small current. The voltmeter will there¬ 
fore be a galvanometer of small resistance in series with a high resistance. 

(б) Definition of the Quality of a Voltmeter with Respect 
to the Current Taken. The sensitivity, as well as the current taken 
and the power absorbed by the voltmeter will depend on its resist¬ 
ance, given in ohms per volt. The higher this number, the better 
the voltmeter. The ohms per volt vary from 10 to 1000 and beyond. 

1Example 25. A voltmeter of 1000 ohms per volt has a maximum 
scale indication of 150 volts. What is its total resistance? 

The total resistance of the voltmeter is 150 X 1000 = 150000,0. 
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(c) Voltmeters of Several Sensitivities. An arrangement of a 
voltmeter of three sensitivities is shown in fig. 82. 

The terminals are 0-1, 0-2, and 0-3. Let the resistance of the coil 
and springs be 10 ohms and the current for maximum deflection 
1 milliamp. 



Fig. 82 

The p.d. across the movement for full scale deflection is 
10 X 0*001 = 0 01 v. 

The ohms per volt are therefore — - — 100012. 

0*01 

Assume that the instrument has to have a full-scale deflection of 

15 volts at the terminals 0-1, 

30 volts at the terminals 0-2, 

150 volts at the terminals 0-3. 

The resistances in series with the coil are then calculated as follows : 

Terminals 0-1 : total resistance = 15 x 1000 = 1500012, the series 
resistance is therefore 15000 — 10 = 1499012. 

Terminals 0-2 : total resistance «= 30 x 1000 = 3000012, series 
resistance = 30000 — 15000 — 1500012. 

Terminals 0-3 : total resistance = 150 X 1000 = 15000012, series 
resistance = 150000 - 30000 = 12000012. 

(d) Effect of Temperature Changes. The resistance in series 
with the instrument movement are made of manganin, and as the 
temperature coefficient of manganin is negligible, the effect of tem¬ 
perature changes on the total voltmeter resistance is much smaller 
than in the case of an ammeter. 

Suppose that in the voltmeter of three sensitivities given above 
tHere is a rise of 1°C. from the normal temperature of 15°C., the ter¬ 
minals 0-1 being used. 


L 
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The resistance of the voltmeter will become 

10 (1 + 0-004) + 14990 = 15000-0412 
and the percentage change will be 

100 x 15000 04 - 1500< ? = 0-000266%. 

15000 

which is quite negligible. The percentage change will be still less at 
the terminals 0-2 and 0-3. 

(3) Measurement of the Resistance of an Ammeter 

The resistance of an ammeter movement should be measured 
separately and not with its shunt. The ammeter resistance should 
not be calculated from its shunt resistance, and the ratio of the full- 
circuit current to the coil current (that is, the multiplying power of 
the shunt). 


AsS: 


m — 1 


, we have r = S (m — 1), and the logarithmic differen- 


,. ! n . dr dS . d (m— 1) dS dm 

tial of r is — = ------=--, and the error on r will 

r S m — 1 S in 


be 


Ar' 


AS' , Am' 


The error is therefore the error on S plus the error on m, while if 
the coil resistance is measured directly, we shall have one error only, 
which is of the order of the error on S. 

The resistance can be measured on a Wheatstone bridge or by 
the opposition method. The movement ought to be clamped during 
the measurement and care has to be taken to limit the current to a 
suitable value. 


(4) Measurement of the Resistance of a Voltmeter 

The resistance of the movement of a voltmeter can be measured 
by the same methods as with the ammeter movement. The move¬ 
ment resistance should be measured alone, and not by measuring the 
movement resistance in series with one of the voltmeter external 
resistances, then measuring the external resistance alone and calculat¬ 
ing the difference, because the error on the movement resistance can 
be very large. 

Consider fig. 83. 

Let r be the resistance of the movement and R the voltmeter 
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external resistance. If a measurement 
first determines R T = r + R and then 
another determines R alone, we shall 
have R t — R = r. The logarithmic 
differential will be 

dr _ d (R t — R) _ dR T dR 

r R T — R R t — R R t — R 

R t dRr R dR 
Rt — R R Rt — R R 

Here, there is no partial elimination of the error due to the common 
part R. The error is therefore 

Ar' = R/ zJR t ' R' ABS 
r' ~~ R T ' - R' R' + R x ' - R' R' ’ 

which considering that R is much greater than r, can be very large. 

Example 25. Let R T = 1010 Q, R = 1000 Q, given by measure¬ 
ment, the errors on R T and R being ± 0*1%. 

The error on r is 



-VWW-1 


Fig. 83 


% 


Ar’ = 1010 x 0-1 1000 X 01 

r' ~ 10 10 


± 20 - 1 %, 


which is definitely inadmissible. 

For the same reason the resistance of an ammeter coil should not 
be calculated from the difference between the measurements of the 
coil plus swamping resistance and swamping resistance alone, even 
though the error will be much smaller than in the case of a voltmeter 
measured with its external resistance, because the swamping resistance 
is of the same order of resistance as the ammeter movement. 


(5) Measurement of the Restoring Torque and Torsion Constant of an 
Ammeter or Voltmeter 

In a permament-magnet moving-coil instrument we have xa = & 0 i, 
where r is the torsion constant, a the deflection corresponding to the 
current i in the moving coil, and 0 O the coil flux linkages. 

As r is supposedly constant, and <Z> 0 is constant for small angles a, 
we ought to have a linear relation between a and i. 

Let the deflection be a ; if the coil is displaced by a very small 
angle da from its position a, then the work done is rada = & 0 (da) i. 

But &q da = d& 0 — flux cut, so that we have 
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rad a == d0 o i and ra = 


d0 o 

da 


If therefore we can determine C ^° - , we have ra and t. 

da 


The arrangement for the test is shown in fig. 84. 

The instrument tested is con¬ 
nected in series with a rheostat RA 
to the source E through the contacts 
1-2 of key k ; in parallel with the 
instrument, through the contacts 
1-3, we have a fluxmeter F. 

In the case of an ammeter with 
a temperature correction arrange¬ 
ment as in fig. 80, the swamping 
resistance can be left in circuit, if 
the total resistance of the moving- 
coil, swamping resistance, and flux- 
meter resistance, are low enough not 
to affect the fluxmeter reading. 
When the temperature correction arrangement is as in fig. 81 R x and 
R can be left if they are small enough not to affect the fluxmeter, 
but here we shall have a fluxmeter in series with R, shunted by R 2 . 
(It is not advisable to disconnect R 2 .) 

In the case of a voltmeter the resistances external to the coil have 
to be out of the circuit, because, being fairly high, they will definitely 
affect the fluxmeter readings. 

(a) Manipulation. With RA at a safe value, make 1-2 and regulate 
RA till the instrument pointer is at ^ of the scale maximum. Break 
1-2 and immediately make 1-3. The pointer will come back to zero, 
and while doing so the coil moving between the poles of the permanent 
magnet will have a current induced in it. The fluxmeter will start 
moving practically instantaneously with the pointer and will stop 
when the pointer stops. According to (84a) we shall have 
A0 O = k (m — m 0 ) ; or, if the fluxmeter starts from zero, A0 O — km. 

The experiment is repeated for each tenth of the scale till full-scale 
deflection is reached. 

Having secured the results of the test for the whole of the scale, 
A0 O is plotted against a in radians. The result ought to be a straight 

line if 0 O is constant. The slope of this line is —— and multiplied 

da da 

by i will give the restoring torque for the corresponding values of i. 
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Plotting ra against i, wc ought to get a straight line if r is constant, 

TCt 

the value of r is-= the restoring torque for a given a divided by 

a 

this value of a. The current i is the current in the coil for the particular 
position of the pointer. 

(b) Errors Inherent in the Method, (a) When breaking 1-2 and 
making 1-3, there might be transferred to the fluxmeter part of the 
energy JLi 2 , where L is the inductance of the instrument coil, and an 
erroneous reading will result. The part of iLi 2 transferred to the 
fluxmeter depends on the speed of switching over from 2 to 3. As i is 
usually small and the coil of the instrument is wound on a metal 
former, which acts like the secondary of a transformer, for any change 
of current in the coil, the error introduced is very small and practically 
negligible. Most of the energy \Li l will be used in heating the metal 
former. 

(6) The switch Jc takes time to pass from 2 to 3, and during this time 
the pointer of the instrument coil will move while the fluxmeter will 
be stationary. Care has to be taken, therefore, to make the distance 
between 2 and 3 as small as possible, and to switch over quickly. 

If a test free of the above errors is required, proceed as follows. 
With the connections as in fig. 84, we have a mechanical stop St. 
(dotted lines in fig. 84) by means of which the pointer can be held at, 
or released from any position, with no current in the coil (the glass 
over the scale has of course to be removed for the test). The pointer 
is brought to any desired position by making 1-2; St. is then set so 
that the pointer cannot go back to zero, and 1-2 is opened ; 1-3 is 
made a short time after 1-2 is broken, and when 1-3 is made, St. is 
released, the pointer now coming back to zero. 

With a temperature effect correction arrangement as in fig. 81 we 

shall have (n — n 0 ) k ( r zhjlLltl = /\& 0 (see formula 98a). The 

resistance R is taken as included in the resistance of the fluxmeter. 

A ballistic galvanometer should not be used instead of the fluxmeter. 
The pointer takes an appreciable time to come back to zero, and an 
error will be introduced into the ballistic galvanometer deflection. 



CHAPTER VIII 


THE PERMANENT-MAGNET MOVING-COIL DIFFERENTIAL 
GALVANOMETER 

(1) Principle 

The differential galvanometer is identical with the ordinary perma¬ 
nent-magnet moving-coil galvanometer, except that it has two 
moving coils within the poles of the permanent magnet. 

The coils have a common suspension to which the light reflecting 
mirror is attached. 

The principle is shown in fig. 85. 




Fig. 86 


The current is brought to the coils by four wide spirals, made of 
very thin silver wire. The torsion of these spirals is negligible, and the 
suspension, mirror, permanent magnet, etc., are identical with those 
of an ordinary reflecting galvanometer. 

The two moving coils have to be as like as possible ; that is, they 
must have the same surface, number of turns, resistance, and flux 
linkages ; they have to be placed similarly within the poles of the 
permanent magnet, so that their flux linkages & 01 and (P 0 a will be 
the same. 

If the coils were entirely alike geometrically and electrically, then 
when the same current flows in the two coils and in directions such that 
the torques on the two coils are in opposition (fig. 86), the resulting 
torque will be zero, that is, ra = 0 O1 i — & 02 i = 0, and the spot will 
remain at zero. 
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The differential galvanometer is mainly used in this way ; that is, 
so that the torques on the two moving coils are in opposition ; gener¬ 
ally, however it is not possible to have the two coils entirely identical, 
and therefore ra = &01 i — #02 * is not zero. 

The differential galvanometer has many applications, such as the 
measurement of low, medium and high resistance, measurement of 
the difference or ratio of two currents, etc. Before it can be used, 
however, we have to eliminate the error which might result from the 
coils not being identical or identically placed. 

When testing if the resulting torque is zero, care has to be taken to 
have a suitable resistance in series with the galvanometer coils, 
otherwise the current might be excessive, without the slightest visual 
indication (no deflection), when the resultant torque is zero. 


(2) Check on the Differential 
Galvanometer 

The arrangement is shown in 
fig. 87. 

Let r x and r 2 be the resist¬ 
ances of the two moving coils 
1 and 2 ; Rj and R 2 are two 
standard variable resistances ; 
R is a fixed, suitable standard 
resistance. R, together with R x 
and R 2 , should be high enough 
to make the currents i x and i 2 
suitable for the coils. R 2 and R 2 
are varied till the galvanometer 
shows no deflection, and when 
this happens we have & 0l i 1 = 
#>o 2 H ; hut 



E . _ E 

R + R x + r x ’ * 2 ” R + R 2 + r,’ 


so that 


and 


$01 *1 — 


E0 


01 


E<Z> 


02 


! ^ 2 — 

R -f- Rx + r x R + Rg -f- r 2 


%\ R 4 “ R2 * 4 " ^*2 .. , . 

- =-'---- — p so that i x = p • to- 

i 2 R Ri + r i 


The nearer p is to unity, and the nearer r x is to r a , the more alike 
are the coils and the better the galvanometer. 



168 


ELECTRICAL MEASUREMENTS 


If we know that r l — r 2 , and the resulting torque is not zero, then 

0oi is not equal to 0 O2 *> and as 0 O1 i x = 0 O2 

E 0 O1 E 0 O2 < 0oi_R “h Ri ?i 1 

R -f- Rj r i R R 2 r 2 0 O2 R -h R 2 + r 2 p 

The resistance of the coils can be measured, one after the other, by 

(3) Measurement of Resistance 
Using the Differential Galva¬ 
nometer 

(a) Measurement of High 
Resistances. The arrangement 
is shown in fig. 88. 

The resistance R x which is to 
be measured can be shorted by a 
key k 2 ; R 2 and R 2 are variable 
standard resistances ; R is a fixed 
standard resistance ; and E is the 
source of current. 

With k 2 open, we connect the 
source by closing k v and vary Rj 
and lt 2 till the deflection is zero ; 
we then have 

i - E . i = E . il = R + + r A 

R + Rj + R + R 2 + r 2 1 2 R + Ri + ^i 

Opening k 2 , we have R x in series with R x . Without altering R 2 , 
we diminish R x to, say, R n , when the deflection is again zero. We 
have then 

R x = R, - R n .(104) 

The maximum value of the resistance which can be measured is 
equal to R x . 

Calculation of the Systematic Error. Let R n be the value of R 2 
which will give the smallest deflection, say, to the left, and R 12 that 
which will give the smallest deflection to the right; in other words, 
R i2 — R X1 is the indetermination on Rj. If, similarly, R in be the 
value of R n giving the smallest deflection to the left, and R 2n that 
giving the smallest deflection to the right, the determination errors 
on R x and R n will be 


Kelvin’s false zero method. 
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Rl2 ’ Rll 1^12 Rn _ -^1, 

Ri R 1X R x 

R 211 Rjn ^ R 2n R 1 n Ap Rn 

Rn Rin Bin 

If A c Ri and A c Rn are the constructional errors on R x and R n , then 
the total errors on Rj and R n are 

ZlRj — zicRj + ^dRj i /IBn = ZlcRn “1“ ^jjRn* 

The logarithmic differential of (104) is 

dR x d (Ri — Rn) C?Rj (?Rn 

Rx Ri — Rn Ri — Rn Ri — Rn 
Rx dK j R n dRn 

R x - Rn Rx Rx - Rn Rn 

and the error on R x is 

zlR'x _ R'i JR'i R' n zlR'n 

R'x ” R'x - R'n R'l + R'x - R'n R'n ' 

The determination error can of course be made smaller by inter¬ 
polation, as in the Wheatstone bridge. Let R X1 be that value of R x 
which gives a small deflection ax to the left, and R 12 that which gives 
a small deflection a 2 to the right ; similarly R in is the value of R n 
giving a small deflection axn to the left, and R an that which gives a 
small deflection a 2 n to the right. We shall then have 


Rx — R n + (R 12 R 11 ) 


«x + a 2 ’ 


Rn = Rin + (R 2 n - R X n)- - -• 

am + a 2n 

The determination errors on Rj and R n are now (calculated as in 
the Wheatstone bridge under the assumption that the constructional 
error is the same throughout R x ) 

4 pR x R 12 — R 11 Ao! t J d R n R 2 n — R in Zla' 

R'l R 1 a 'x+a ' 2 R n R n a n + a' 2n 

Again, as JR'i — zl c R'x + 4 D R'i and z!R' n = ^ c R'n + <d D R' n , 
we get 

ZlR'x _ R'x AR\ R'n zlR'n 

R'x ~ R'l-R'n R'x + R'l-R'n R'n ’ 

The greater Rx — R n , the smaller the error. 

The above calculation does not apply to resistances such as dielec¬ 
trics, which depend on too many outside factors. 
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Note that instead of decreasing R x to R n , we could increase R a 
to, say, R au , and so get a new balance, with currents of i in and i 2n * 
We could then write 


R -4~ Ren + T 2 
R + R x + R x + 


— p, therefore 


R 4~ R 2 T 1 r 2 _ R 4~ Rg r 2 

R + Ri + R x + f\ R + Rj. + ?! 


from which we could get R x . 

To extend the range of measurement, R can be altered. 


(6) Measurement of Medium Resistances. The arrangement is 
shown in fig. 89. 


h 


Fig. 89 

The galvanometer coils are connected to shunts of resistances Si 
and S 2 , otherwise the arrangement is the same as that of fig. 88. The 

ijr S 

resistance of coil 1 and shunt S* is p, — ——-—, that of coil 2 and 

r, + S, 
r S 

shunt S 2 is q 2 = ——-—. With k 2 closed, we have 

r 2 + S 2 

. E . E 

R + Ri + pi R + R 2 + £2 

R x and R 2 being varied till the galvanometer deflection is zero. Open¬ 
ing k 2 , we have to diminish Rj to, say, R n in order to get zero 
deflection (leaving R 2 unchanged), and then have R x = R x — Rn- 
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The only condition the shunts have to conform to is that their multi¬ 
plying powers m 1 and m 2 should be such that i ± = and i 2 = -^L 

Wll 7712 

should be suitable for the galvanometer coils. 

The error is calculated in the same way as for the measurement 
of high resistance. 


(c) Measurement of Small Resistances. The arrangement is 
shown in fig. 90. 




R x and R s , the resistance to be measured and the standard resist¬ 
ance, are both four terminal. The current I is of a large value and 
supplied by the source E, measured by the ammeter A, and regulated 
by the rheostat Rh. 

• R x and R 2 are varied till there is no deflection. 

The p.d. across a,a, is 


(I — i*i) Rx — ( r i 4" Ri) H \ 


— I 


Rx 

r i + Ri + Rx 


The p.d. across 6,6, is 


(I — 7 2 ) E s — (t* 2 4" E 2 ) fc' 2 » 


and 


= 1 


E s _ 

r 2 4" E 2 4~ E s 


*1 Rx # 7*2 4~ E a 4~ Eg 

7 2 Eg T x + Rj 4“ E x 


(105) 


Changing Rx to, say, R n , and R 2 to R 22 till new balance is achieved, 
let the new currents be i lx and i 22 . Then we now have 
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= p = Rx ^ . + ^ + R 4 ) therefore 
^22 Rs ( r l + Rll 4~ Rx) 


f 2 4“ R 2 4" Rs 2 4~" R 22 4~ Rfl 

r i + Ri 4- Rx r i 4~ Ru + Rx 


from which we get 

__ ( r 2 4~ Rs) (Ri ~ R 11 ) _ r + R 22 R 1 Tt 2 K 11 

R 2 — R 22 R 2 R 22 

A better way of proceeding is as follows : after having determined 
p (105), disconnect the terminals 6,6, from R s and connect them to 
R x , as shown in fig. 91. 

Without altering R x , change K 2 to, say, R 22 , until there is no 

deflection. Let the new currents in the galvanometer coils then be 

i n and i 22 , giving ? n (R x + r x ) = i 22 (R 22 + r 2 ), and therefore 

*11 __ R22 4 ~ r 2 an( j Rx ^ ^2 + R2 + Rs __ R22 + r 2 

i 22 R x -f- 7*1 R s 4* Ri 4~ Rx Ri 4~ r i 

Rx _ R 22 4~ r 2 , r i 4~ Ri 4~ Rx 

Rs Ri + 7*1 ^2 4“ R 2 4" Rs 


As R x and R s are very small, we have approximately 


Rx A R 22 4~ f 2 . r i 4~ Ri _ 
Rs Ri 4~ t*i r 2 R 2 

Or, as we can write R 22 

same resistance box, R x = 


^ R22 4~ r 2 
R 2 4~ r 2 


and R x = 


— R 2 i r because R 22 

Ra ± r + r 2 x> 

- rig. 

R 2 + r 2 


R‘22 + r 2 . T> 

-rvg. 

R 2 + r 2 

and R 2 are in the 


Calculation of the Systematic Error . The logarithmic differential of 

R x is 


dR x _ d (R 2 4: r 4~ 2 ) _ d (R 2 4~ ^ 2 ) ^ ^Rs _ 

Rx R 2 db r 4~ r 2 R 2 4* r 2 Rs 


dR 9 


dr 


R 2 db r 4* r 2 
dR s R 2 

~R S ~ 


R 2 ± r + r 2 

dRn , 


+ 


dr 9 


dR 9 


dr 9 


R 2 i r + r 2 R 2 4* r 2 R 2 4" r z 


+ 


dr 


R 2 ±r + r 
R>2 dR 2 
R 2 4- r 2 R 2 


2 *2 


4-: 


dr 9 


R 2 ± r 4 - r 2 r R 2 ±r + r 


dr 9 


r 2 + r 2 


+ 


dR s 

R« 
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The terms containing —- and —— are nearly equal because r is 
R 2 r 2 

very small compared with R 2 + **2 ( r = 0 when R x = R s ); the term 
(It 

containing — is also very small and for all practical purposes 


—the error is therefore - 

R s RS 


A cause of error is the disturbing of the equipotential surfaces at 
a,a, and 6,6. The currents i v i 2 and i n , i 22 ought therefore to be 
very small compared with I. 

We will note for the present that the differential galvanometer 
when calibrated can be used for the measurement of the ratio or the 
difference of two currents. 

One of the advantages of the differential galvanometer is that it 
can be used in non-oscillatory conditions and yet be connected in 
series with a high resistance. This is achieved by short-circuiting one 
moving coil and using the other coil as in an ordinary galvanometer. 
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MEASUREMENT OF THE RESISTANCE OF BATTERIES 

(1) Mance’s Method 

The arrangement is shown in fig. 92. 

We have a bridge arrangement with the resistances R 1? R 3 and R 4 
constituting three arms, while the battery E the resistance of which 

has to be measured form the 
b fourth arm. 

The galvanometer diagonal 
contains a variable resistance 
q for the galvanometer pro¬ 
tection and the switch k 2 ; 
the second diagonal contains 
the resistance R and switch 
k v 

With k x open and k 2 closed 
there will be a current in the 
galvanometer and this current 
is regulated by means of q 
till the galvanometer deflec¬ 
tion a is of suitable value. 
Fig. 92 The bridge resistances are 

then varied till, when closing 
or opening k v the deflection a remains unchanged. 

Considering the loop BCD (fig. 92) : with the notation of the fig. 
we have 

E — R 3 i 3 — (g + q) i — R *i 2 = 0 ; 

(9 + Q) i = E — R 8 < 3 — R x t a .... (106) 

where g is the galvanometer resistance and R x the resistance of E. 
Considering loop ABD, we have 

Rih — H 4 i 4 + (g 4~ p) i — 0 ; 

(g q) i — Rih 4“ ..... (106a) 

Differentiating (106) and (106a) we get 

{g 4 ” Q) di =z — R 3 di 3 — R x ^2 5 iff q) di ==z Ridij 4 “ R 4 di 4 . 

But if the closing and opening of k x does not alter i, then di — O, 
and we can write 0 = — R z di z — R x di 2 = R^h 4" R 4 ^ 4 . 

■“ Rrffc, = R x cfo 2 j R \d^x = — R 4 ^i 4 j 

i74 




MEASUREMENT OF RESISTANCE OF BATTERIES 175 
d% 2 Rx > di x R 4 

di 2 R 3 di x Rj 

Considering now the junction points B and D, we can write 
t a = i + t’i ; — i + i x , and differentiating di 2 — di + di x ; 

di 2 = di + din and as di = 0 , we have di 2 = di x ; di 3 = di x ; 
therefore 


di 2 di x R x 

dt 2 di x R 3 


R x R 4 = R x R 4 and R x = R s : 
R4 R4 


the same relation as in a Wheatstone bridge. 

A shunt across the galvanometer could be used if necessary. This 
is helpful because the galvanometer, being shunted, will work in non- 
oscillatory conditions. The resistances used should be great enough 
to prevent too great a current, which would polarise the source of 
e.m.f. 


(2) Voltmeter Methods 

The arrangement is shown in fig. 93. 



The voltage across the battery is measured twice ; first with k 
open (R disconnected), secondly with k closed (R connected). With 
k open, the voltmeter of resistance r v is alone across the battery. It 
reads E 1? which is taken as the battery e.m.f., the real battery e.m.f. 
being E. 

When k is closed, the battery delivers a current I through R (the 
voltmeter current t v being neglected). The voltmeter will now read 
V < E x . 

Neglecting the resistance of the connections, we have 


! = J = —; V(R x + R) = E 1 R; R x 
R Rx ~f~ R 

R x is the battery resistance. 


Ex-V 


•R (107) 


V 
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(a) Error Inherent in the Method . 1 With k open, we have in 
E 

reality tv =-; tv (R x + r v ) = E, while the voltmeter shows 

R x + Ty 

E x = r v i v . Dividing E by E x , we get 


E _ Rx 4~ fv . p _ Er v . p __ E t (R x 4~ Ty) 

E]^ Ty Rx 4" Ty Ty 


(108) 


With k closed, the voltmeter shows V, which is the p.d. across the 
battery or across R, if we neglect the resistance of the connections; 
the voltmeter current will now be t vl , and we have 


V = iy± Ty = RI = (I -f- tvj) 


R Ty 
R + Ty 


(109) 


but (I + iy x ) — 


E 


Rx 4" 


R Ty 


; and substituting for (I 4~ tvi) in (109) 


V = 


R 4* 

E Rr v 


ERr v 


Rx 4- 


Rr v R4-r v Rx (R 4~ ^v) 4~ R^*v 


R4-J'v 

We do not know E, but we have the relation (108), and substituting 
for E we get 


Ej (Rx 4~ v) Rr v 
Ty [Rx (R 4- Ty) 4~ Rr v] 


E t (R x 4- Ty) R 

Rx (R 4- rv) + Rr v 


therefore 


V [R x (R 4~ Ty) 4~ k^ v ] — E^RjR 4~ EjRr v , or 
R x (VR 4- Vr v — E^) = R (Epv — Vr v ). 


Rx =■ 


(Ej-V) Rr v 


E, 


v(R + r v -E 1 ^ 


Ei 


R 


—) 
V' 

Ty 


R 


Ty 


R 4- r v • 


E X R 


R ( 1 -^) + fv 


( 110 ) 


Comparing (110) with (107), we see that the correction factor is 

Ty 


R 




-, and the greater r v compared with R, the nearer 


the correction factor is to unity. We have therefore to use a volt- 

1 For further details, see Bedeau: Court* de Mesures Electriquea (S.F.E.; E.S.E., 
Paris; Vol. I). 
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meter of great resistance, so that R should be negligible compared 
with r v . If R is not negligible compared with r v , the correction factor 
above has to be applied. 


(b) Calculation of the Systematic Error. Assuming that R is 
negligible compared with r V) we have 


Rx 


E, - V 


R and the log. differential of R x is 


dR x d (E,, - V) dV . dR _ dE x 


Rx Ej-V V R 
E x dE x V dV dV 


_dV_ _ dV dR, _ 

Ei - V ' E x - V V + R ~ 


E t — V E x E!-V V 
Ei dE x dV 


dR _ 
V + R “ 

dR 


V VTT._V / R 


Ej - VE, V - V 

E x dE x dV E x 


dR 


; the error is therefore 

E,-VE, V Ej — V R 


AR\ = E' x JE' X E' x JV' AR/ 
R'x E'j-V' E' x + E' 1 -V V' + R' 


E' x / AY,' l JVS JR/ 

E\ - V' ' E' + V' 1 + R' 

JE' and A V ' comprise the constructional plus reading errors on 
the voltmeter. 

If the voltmeter indication is known to be absolutely proportional, 


then 


dE x 

e7 


dV 
V ’ 


and it follows that the maximum relative error is 


dR'x 

R'x 


E' x /J r E' x , ArW' 


E\ 




E' 


+ 


F-) + 


AR' 

R' 


, where zIrE'iand Zf r V'i 


are the reading errors only. 


(3) Measurement of the Resistance of a Battery of Small Internal 
Resistance 

When dealing with batteries of small internal resistance, such as 
accumulators, we can neglect the difference between the e.m.f. and 
the reading of the voltmeter when k is open, if the voltmeter is of high 


M 
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resistance, so that Ej ^ E, but the resistance of the connections is no 
longer negligible compared with R and R x . 

Two measurements are now necessary after E L has been determined : 

(а) With k closed (R connected) we measure the p.d. across the 
battery, fig. 94, and we have 

V = E — R x I.(HI) 

(б) With k closed we measure the p.d. across R where V x = RI 

I = —. Substituting for I in (111), we get V = E- 

R R 

therefore R x = —-— * R. 


i 



Fig. 94 Fig. 95 

In order that the error should be small, V ought to be an appreciable 
part of E ; this means that I has to be intense. 

In all the voltmeter methods described, the choice of R is governed 
by the magnitude of the current supplied by the source ; I ought to 
be such that there is no danger of the source getting polarised. 
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(4) Monro’s Method 

The arrangement is shown in fig. 95. 

G is a ballistic galvanometer, C a standard condenser, R a standard 
variable resistance, and E the battery ; the resistance R x of which 
has to be determined. 

With k open, make 1-2, charging the condenser with a quantity of 
electricity Q = C E. 

Breaking 1-2 and making 1-3, the condenser discharges through the 
ballistic galvanometer, the deflection being n ; and if $ cp is the 
galvanometer constant (practical sensitivity in coulombs), we can 
write 

C E = a cp n .(112) 

Next, with k closed, the battery provides a current I through R so 

E RE 

that the p.d. across a, a is V = R I ; 1 =-; V =-. 

R + Rx R + Rx 

Making 1-2 again, the condenser is charged to Q x = V C ; breaking 
1-2 and making 1-3 the condenser discharges, the deflection being n lf 
and 

V C = s cp (112a) 


Dividing (112) by (112a) we have 


! = v 
v » x ’ 


-tt! RE , c 

E — =-, therefore 

n R + R x 


tti 

n 


R 

R + Rx 


R x = R • 


(n - Mi) 
n L 


This method, although very simple, requires many precautions. 
The deflections n and n 1 have to differ considerably, otherwise the 
precision of the measurement will be small. On the other hand n 1 
should not be too small, because if so the reading error will be great. 
Making n — n 1 large means a small resistance R, and therefore a 
large current I. The source can therefore polarise, and its character¬ 
istics will vary. What we need therefore is a measure of E at the same 
time as we measure V, and to achieve this we proceed as follows. 

With k closed, we get a measure of V by charging and then dis¬ 
charging the condenser ; then, with k open, we take several measure¬ 
ments of E (by charge and discharge of C) at regular intervals of time 
(say, at times t v t 2y t 3 , . . $ n ), the time being counted from the 

determination of V. Let the deflections corresponding to these times 
be n v n a , n 3 . . ., n 4 ; we construct the curve n = f(t) as shown in 
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fig. 96, and by extrapolating this curve (part u 1 n) we can approxi¬ 
mately determine n = o~a at time t — 0 ; o-a is an approximate value 
of the deflection which would have been obtained, had the time 
between the determination of V and E been zero. 




CHAPTER X 


MEASUREMENT OF THE INSULATION RESISTANCE OF INSTALLATIONS. 
DIRECT-READING OHMMETERS 

The insulation resistance of an installation, either to ground or 
between conductors, depends on so many uncontrollable factors, such 
as humidity, surface conditions, etc., that there can be no question of 
great accuracy. The calculation of the error in these measurements 
would therefore be meaningless. 

When a line or a cable is tested, it should always be connected to 
the negative pole of the source supplying the testing current, because, 
if connected to the positive pole, oxidisation will be produced at the 
fault. This oxidisation will increase the fault resistance, and so give 
an erroneous, optimistic result. If connected to the negative pole, a 
disoxidisation will result, which will diminish the fault resistance, 
and it will be safer to accept the result obtained in this manner. 

(1) The Comparison Method ot Measuring the Insulation Resistance of 
a Main to Earth 

The arrangement is shown in fig. 97. 

The tested main is shown on the insulators 1, 2, 3. 
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The main, which is cut off from its supply, is connected at a, through 
the switch to the galvanometer G in series with a protecting resist¬ 
ance R, and switch k x to the negative pole of the source E ; the 
positive pole of E is connected to earth. R s is a known high resistance. 
The earth has to be a connection to a main water pipe, or made by 
burying in wet ground a clean metal sheet, of at least one yard square. 
The switch k 2 protects the galvanometer from the capacity current 
arising when switching on k v 

The method is as follows. With k 3 open and k 2 , k x closed, close k v 
then, after a short time, open k 2 . The galvanometer current will be 


E 


-, where R x is the cable insulation resistance and r the 

R "f Rx “t ~ r 

galvanometer resistance (neglecting the resistance of the source). 

E 

As r is small compared with R x , we can write i — -and if the 


galvanometer deflection is n, then 


R -f Rx 


i — 8 v n ........ (113) 


Now is opened and k 3 closed, cutting off the main and bringing 
into the circuit the resistance R 8 . We have now a galvanometer current 


E 


n — 


R Rs 


S p n l 


Dividing (113) by (113a), we have 


s P n 
5 P n x 


. (113a) 


R -f Rj 

R + R 


therefore 

X 


Rx — 


R ( n x — n) + n 1 R s 
n 


The method is exactly the same as the comparison method of 
measuring high resistance ; the resistance R is essential because the 
insulation resistance of the main may be very low. 


(2) Measurement of the Insulation Resistance to Earth, and Between 
Conductors of Two Live Mains, by the Voltmeter Method 

Consider fig. 98, where the insulation resistance to ground of the 
two mains + and — is represented by R p and R n . 

A voltmeter of resistance R v is first connected between the positive 
main and earth, where it reads, say, V p ; next between the negative 
main and earth, where it reads V n ; and finally between the two mains, 
the reading being the voltage V between the mains. 

When the voltmeter is between — and earth, the current i through 
Rp divides into two parts, one part passing through the voltmeter, 
the other through R n . Then 
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V - lip i -f- 


R n Tv 
Rn + r v 



Rn Ty 
R n + r v 


(114) 


When the voltmeter is between + and earth, we have 


V — Rp 


RpTv 

Rp -f Tv 


*1 ^Rn + 


Rp Tv \ 
Rp ~\~ T v 


. (114a) 



Fig. 98 


When between — and earth, the voltmeter shows V n 
is the voltmeter current, but 


Vn = . Rn 
r v Rn + r v 


and substituting for i from (114) we get 


i y r v , where 


Vn Rn _V 


Tv 


Rn + Tv 


Rp + 


Rn Tv 
Rn + Tv 


V Rn 

Tv (Rp + Rn) + Rp Rn 


(115) 


When the voltmeter is between + and earth, we have V p = i vl • r v , 
where i vl is now the voltmeter current, but 
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»v =— P = 


R»D 


Ty Rp + Tv 
and substituting for i x from (114a), we get 

V P R P V 


* 


Ty Rp + Ty R n -f- Rp7*v 


Rp + Ty 


V Rn 


Ty (Rp + Rn) + Rp Rn 
From (115) and (115a) we have 


(115a) 


Ty (Rp -f- Rn) + Rp Rn — 


V Rn Ty V R p Ty 


L r V n V P 

therefore 

Rn_Rp. o _V n Rp 0 _ VpR n 

— — — j ^ n —-> n —-. 

v„ Vp Vp v„ 

Substituting for R p in (115) we get 
V n Rn V VVn 


r v rv/p, Vp Rn\ , RnVpRn fv V n + Vp + Rn Vp 


, and 


V n 


'(«■ + V 5 ) + 

V-V P -V- . 

Vp 

Similarly, substituting for R n in (115a), we have 


• (H6) 


R p = V - - Vp -— • r v .(116a) 

Vn 

The insulation resistance between the two mains is simply 

Rt = Rn ~t~ Rp 

Example 25. “ Describe a method by which the insulation 

resistance to earth of each of a pair of live mains can be measured by 
a voltmeter of known resistance. Discuss the limitations of the 
method. 

“ The following readings were taken with a 250-volt, 1000-ohms- 
per-volt voltmeter : 

“ Between two mains 218 volts 
“ Positive main to earth 188 volts 
“ Negative main to earth 10 volts. 

“ Calculate the insulation resistance of each main.” (University of 
London, Electr. Measur. and Measur. Instruments, B.Sc. Final, 1947, 
paper 2, question 1.) 
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One method of measurement is that described above. 

The limitations of the method are as follows : 

(a) It cannot be used when one main is earthed. 

(b) If the insulation resistance of the mains is high, the voltmeter 
current and its deflection will be very small, and as we have seen, an 
indicating instrument should not be used at the beginning of its scale. 
To measure high insulation resistance, the voltmeter resistance must 
be very high. The limit of the method is about 1 megohm with a very 
high quality voltmeter. 

The voltmeter resistance is r y = 250 x 1000 = 250000 Q. 

From (116) and (116a) we get 

= 218 _ " 188 .^. 10 x 250000 = 26600/2. 

188 

i)iu _ 1 SS _ 10 

Rp = —- - X 250000 = 500000&. 

10 

Direct-Reading Ohmmeters 

(3) Ohmmeter Voltmeters 

These are very sensitive, permanent-magnet, moving-coil voltmeters, 
the scale of which is graded in ohms. 



Consider fig. 99, representing a voltmeter of coil resistance r, in 
series with its high resistance R ; R x , the resistance to be measured, 
can be shorted by k ; the source has an e.m.f. E. With R x shorted, 
let the full scale deflection be m for E volts ; the voltmeter current is 
E 

then i =-= s p m, s p being the current per unit deflection. 

R + r 
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We can write 

E = (R + r) s p m ; R + r = — . . . . (117) 

Spin 

If we know E and Sp we can calculate R + r. 

With R x in the circuit, we get a deflection m x , and we have 

(R + r) + R x = ———. 

S pWlx 

E 

Substituting for —, from (117) we get 

Sp 

(R + r) + R x = — and 

m x 


Rx 


(R + r) (m — Wx) 


m x 


m x = 


(R + r) m 
(R + r) + Rx 


. (118) 


The voltmeter scale can therefore be graded directly in ohms for 
the measurement of R x . 

If R x = O, we get ra x = ~t~ - r \ m ~ — m ; the scale of the instru- 

R + r 

ment is therefore marked zero at full scale deflection. 

If R x = oo, then m x — 0 ; therefore zero deflection will be marked 
infinity. 

Between 0 and oo the scale is graded in ohms. 


If R x is very great we can write m x 


m —The scale will 
Rx 


be very crowded near zero deflection. 

If R + r is great compared with R x , then the ohmmeter will not be 
very sensitive at small values of R x , and to allow for a wide range of 
measurement the ohmmeter has to have several sensitivities ; that is, 
several resistances R. 

As E does not enter into (118), it follows that it is not essential that 
E shall remain constant. For (118) to be true, all that is required is that 
the source voltage shall produce the full scale deflection m when R x is 
shorted, and that it shall remain constant during a measurement. If 
therefore E has altered between two measurements, and there exists an 
arrangement by means of which m can be adjusted by variation of the 
field in the instrument airgap according to the variation of the source 
voltage, the instrument reading will remain true. 

Construction of the Ohmmeter. The source and the instrument 
are contained in the same box. Before any test can be made, a check 
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on the total deflection with R x = O is necessary. The terminals pro¬ 
vided for R x are therefore shorted, and m observed ; if the pointer is 
at zero no correction is necessary ; if not, the field in the airgap is 
altered by turning a knob or screw a, which in turn moves a magnetic 
shunt placed near the poles of the permanent magnet (fig. 100). 




The source E should be changed only if the pointer cannot be 
brought to zero by alteration of position of the magnetic shunt. 

The ohmmeter can measure resistances up to 1 megohm, depending 
on the instrument sensitivity. 

Another type of ohmmeter is shown in fig. 101. 

Instead of a battery, we have a small hand-driven d.c. generator 
contained in the same box as is the instrument. The speed of rotation 
is about 2 revolutions per second, and a mechanical arrangement 
prevents any higher speed being attained, however quickly the handle 
is rotated. This type of ohmmeter can measure resistances up to 
100 megohms. 

(4) Ratio-meter Ohmmeters 

A ratio-meter or logo-meter (from Greek logos) has two galvano¬ 
meter coils, solidly attached, and at an angle a° to one another, placed 
in the same magnetic field. The arrangement for an angle of 90° 
between the coils is shown in fig. 102. 

The coils are free ; there is no restoring torque ; and in the absence 
of any current in the coils, they may be in any position. There is no 
fixed zero of scale to which pointer returns. 

Consider fig. 103, where the coils 1 and 2 are placed in a uniform 
magnetic field H in the direction as shown, the angle between the coils 
being 90°. Let the currents in the coils be and i 2 . The current i x in coil 
1 will produce a magnetic field of, say, F x , proportional to n 1 S x ; the 
current i 2 in coil 2 will produce a field F a proportional to n 2 S a where 
n v n 2y S x , S a are the number of turns, and the areas of the coils 1 and 2. 
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The currents in the two coils are in such directions that the torques 
produced by the interaction of H with i x and i 2 are in opposite directions, 
and the only equilibrium position possible is when F, the resultant of 
Fjl and F 2 , is parallel to H. The torques on coils 1 and 2 are then 
T 1 = Kn 1 i-L S x H cos.a ; T 2 = Kw 2 i 2 S 2 H cos. (90 — a) = n 2 i 2 S 2 H 
sin.a where K is a constant. As the coils are in the equilibrium 
position n 1 i x S x H cos.a = n 2 i 2 S 2 H sin.a } therefore 

i n S H 

_i — _J—?— tan.a = k x tan.a , k 1 being a constant . . (119) 

i 2 n 1 S x H 

If we know k v the scale can be graded directly in the ratio 

^2 
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As in practice the coils are not in a uniform field, but in a radial 
field (fig. 102), the equilibrium position is not such a simple function 
as that given by (119). Nevertheless we can write : 

~ —f( a ) i fchat the ratio of the two currents is a function of the 

tjj 

deflection, and the instrument can be calibrated by comparison. 

In order to improve the scale, the angle between the coils can be 
made other than 90°. 

Consider the arrangement shown in fig. 104. 



Fig. 104 Fig. 105 


A source E supplies the current I to a known resistance R in series 
with the resistance R x which has to be measured. The moving coils of 
resistance r x and r 2 , in series respectively with the resistances R x and 
R 2 , are connected across R and R x as shown. With the symbols used 
in the diagram we have 


i x = I •---; i 2 = I-—- and 

R ■+“ Ri Rx + R 2 ~b r 2 

i 1 = -R*_± R, + r » . R =/(a) .... (H9) 

*, R + Ri + r, R s 

The scale can therefore be directly graduated in ohms. From (119) we 


get R x = 


_ R (R 2 4~ r a) _ 

/(a) (R + R x + Tj) — R 


given directly on the scale. 


A more practical arrangement is shown in fig. 105. 
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Coil 1 of resistance r ± is in series with the resistance R ; coil 2 of 
resistance r 2 , in series with the resistance to be measured, R x ; E is 
the source of supply. 

We have 


E . E 
R+ r± R x + r 2 H 

Rx ==/(«) (R + r x ) - r 2 


Rx ~f~ 2 

R + r x 


= /(a) and 


. ( 120 ) 


R x is read directly on the scale. 

The Ratiometer Ohmmeter with Several Sensitivities. The 
arrangement is shown in fig. 106. 



Arm h can be connected to the contacts marked 1, 10, 100 and 1000. 
The shunts 8 V 8 2 , and 8 a have resistances respectively 




999 


t ^2 


99 


, 8 a — 


h 

9 ’ 


r 2 is the resistance of coil 2. 

Let h be in contact with 1 ; the current I 2 in R x divides into i 2 in 
coil 2 and i 22 in the shunt 8 V We then have 
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it = I 2 * = I 2 (— + — + r a ) = 

B 1 + r~ '999 999 / 


999 999 


I 2 • 999 r 2 __ I 2 
1000 x 999 r 2 ~~ 1000’ 


When arm A is on contact 1000 (no shunt), the current in coil 2 is 
I a , and if with a resistance R x the deflection is a, when h is on 1 the 

current in coil 2 is • - 2 -, so that if we want the same deflection a as 

1000 

when h is on contact 1000, we have to replace R x by a resistance R X1 
such that 

» , «i r * _ R x + r 2 ... . 


Rxi + 


-, that is 


+ r z 1000 ’ 

(R x + r 2 ) (8 t + r 2 ) = 1000 [R Xi («?! + r 2 ) + r 2 ], from which we get 


Rxi = 


*i + r 2 


and as s* = —~ 
999 


1000 1000 1000r 2 


If the scale is such that we have to multiply the pointer readings by 
1000 , when h is on contact 1000, we have direct readings when h is on 
contact 1. Similarly the readings have to be multiplied by 10 and by 
100 , when h is respectively on contact 10 and contact 100. 

Construction. The source of supply is either a small hand-driven 
d.c. generator or an a.c. generator with a rectifier. The generator is 
contained in the same box as the instrument. 

The resistance to be measured is connected to the terminals marked 
for the purpose ; h is set in the proper position, and the handle turned ; 
the resistance is given directly on the scale. 

From (120) it follows that the supply voltage need not be constant, 
the reading depending on the ratio of the currents alone. 





